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Abstract. This study aimed to identify Turkish middle school students’ unit coordination levels in mathematics 
problems involving multiplicative relations and investigate these unit coordination levels in each grade level. 
This study was designed as a qualitative case study in which a written instrument developed by Norton and his 
colleagues (2015) was implemented to 139 middle school students. The student responses were coded based 
on the rubric developed by Norton and his colleagues (2015), and the unit coordination stages of students at 
each grade level (5th, 6th, 7th, and 8th grades) were determined. The findings revealed that almost half of the 
middle school students operated at the lowest stage of unit coordination (Stage 1). While, at 5th, 6th, and 7th 
grades, the number of students operating at Stage 1 was higher than at other unit coordination stages, there 
were more students at Stage 2 in 8th grade. The number of students operating at Stage 3 was the lowest both at 
each grade level and in the whole group of 139 middle school students. Hence, very few of the middle school 
students could operate with three-level units as given and flexibly change between the three-level unit 
structures. To sum up, the results showed that middle school students could hardly work with and coordinate 
more than one-level units in mathematics problems requiring multiplicative reasoning. Considering these 
findings, we suggest conducting more studies examining the unit coordination stages of students and the ways 
for increasing students’ unit coordination levels.  
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INTRODUCTION 

Many topics in middle school mathematics program include problems that involve multiplicative 
relations between quantities and require abstract operations such as unit coordination (Reynolds & 
Wheatley, 1996). Unit coordination refers to creating composite units, switching between units, and 
relating these composite units in quantitative situations (Norton, Boyce, Phillips, Anwyll, & Ulrich, 
2015). The unit coordination in arithmetic problems involves thinking of a number composed of two 
numbers, a composite unit (Steffe, 1992). For example, a student uses the same level units in an 
additive reasoning problem (e.g., eight apples + seven apples = 15 apples). However, in a 
multiplicative reasoning problem (e.g., If there are eight apples in each box of seven boxes, how many 
apples are there altogether?), s/he needs to organize units in different levels (e.g., number of boxes, 
number of apples in each box, and the total number of apples) (Tzur et al., 2017).  
 Unit coordination based on switching between units helps students’ understanding of various 
mathematics topics such as whole numbers, fractions, ratio, and proportion (Hackenberg & Lee, 2015; 
Hackenberg & Tillema, 2009; Lamon, 2007). For instance, making sense with units of tens and ones 
and composing a two-digit number (e.g., 23 composed of 2 tens and 3 ones) indicate using unit 
coordination in whole number operations and play a significant role in building number sense 
(Watanabe, 1995). There is also a strong relationship between students’ performances on whole-
number units and those on fractional units (Hackenberg, 2007). Besides, Hackenberg (2013) argued 
that students who struggled in coordinating more than one unit showed also had difficulties in 
mathematical tasks involving fractions and algebra.  

 
1 This study was presented at the 2019 4th International Symposium of Turkish Computer and Mathematics Education in İzmir, Turkey 
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 In addition, unit coordination stages of students varied across grade levels, and this difference 
might be related to students’ developmental stages (Ulrich & Wilkins, 2017). In this sense, there were 
developmental stages describing students’ unit coordination levels. Norton and colleagues (2015) 
developed a written test to identify students’ unit coordination stages.  These stages indicated 
students’ mathematical reasoning while organizing units at different levels (Ulrich, 2015). Therefore, 
these stages inform teachers and curriculum developers about students’ mathematical thinking 
processes.   
 The role of unit coordination levels in learning mathematics and the possible differences in 
unit coordination stages across grade levels led us to carry out this study. Not being encountered 
any research that aimed to identify Turkish students’ unit coordination stages puts another layer of 
significance to this investigation. Since middle school math topics such as numbers, fractions, ratio, 
and proportion involved multiplicative reasoning, we focused on middle school grade levels; that is, 
Grade 5-8. Hence, we aimed to examine middle school students’ unit coordination stages across 
grade levels through mathematical tasks involving multiplicative relations. This study addressed the 
following research question: “What are the unit coordination stages of middle school students (i.e., 
grades 5-8) in mathematical tasks involving quantities with multiplicative relations?” 

THEORETICAL FRAMEWORK 

In recent years, researchers turned their attention to investigating unit coordination levels to 
make sense with students’ mathematical reasoning (Norton et al., 2015; Steffe, 1992; Ulrich & Wilkins, 
2017). In mathematics education, the concept of ‘unit’ is required to quantify a collection of concrete 
items and to make sense with the magnitude of an abstract quantity (Ulrich & Wilkins, 2017). Steffe 
(1992) viewed a “number” as a mathematical structure composed of composite units. In other words, 
a number can be seen as a single unit and also a unit of sub-units (Tzur et al., 2017). For instance, 10 
represents both a unit of ten and a unit of ten ones (Hackenberg, 2007). Mathematics education 
researchers have interested in investigating students’ construction of composite units and use of 
these units in operations, which led them to develop unit coordination stages to explain students’ 
mathematical thinking process (e.g., Hackenberg & Tillema, 2009; Steffe & Olive, 2010; Ulrich, 2015).  

Students develop number sequences that involve nested numbers starting from the early 
childhood period, and these number sequences constituted a base for multiplicative reasoning in later 
grades (Steffe, 1992). Multiplicative thinking, one of the most important mathematical thinking 
processes, is used to describe unit coordination stages of students (Hackenberg, 2010). Hackenberg 
(2010) hierarchically described the unit coordination levels as Multiplicative Concept 1 (MC1), 
Multiplicative Concept 2 (MC2), and Multiplicative Concept 3 (MC3). In the first level, students can 
coordinate two-level units in action. In other words, students use two-level units while counting or 
relying on physical appearance (Boyce & Norton, 2016). For instance, to divide 12 by 3, MC1 students 
count from 1 to 12 and keep track of units of 3 by counting 1, 2, 3, and 4. On the other hand, MC2 
students maintain two-level units and coordinate three-level units in action. In the same problem, 
MC2 students can think there are two 3s in 6 and two 6s in 12; then, it would be four (i.e., 2 times 2) 
3s in 12 (Boyce & Norton, 2016). On the highest stage, students can maintain three-level units. MC3 
students can respond as 12 very quickly without physically partitioning and iterating. They can 
internalize 12 as twelve units of one unit, three units of four units in each, and four units of three units 
in each simultaneously and switch between units.  

Norton and colleagues (2015) categorized these levels of multiplicative concepts on three 
stages, namely, Stage 1, Stage 2, and Stage 3. Students on the first stage have not yet internalized the 
multiplicative relations between composite units and considered composite units as a collection of 
units of one. When multiplicative relation between the lengths of the bars are given (see Figure 1), 
students physically iterate one of the bars to create the other one, relying on physical appearance 
instead of using the multiplicative relations given in the problem numerically.  
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FIGURE 1. Sample item in unit coordination test (Norton et al., 2015, p.131) 

On Stage 2, students can maintain the multiplicative relation between two-level units; but they need 
to physically or mentally iterate the units to use three-level units. For instance, Stage 2 student thinks 
the medium purple bar in Figure 1 as a unit of six units and iterates it two times to create the long 
orange bar. At Stage 3, based on the given multiplicative relations, students can figure out the longest 
bar as a unit of units of units (i.e., a unit of two units of 6 units in each) without physical or mental 
iterations. Table 1 summarizes the three-level unit coordination at each stage (Norton et al., 2015).  

Table 1. Stages of units coordination (Norton et al., 2015, p. 113) 
 

Students’ Unit Structures  Students’ Reasoning on the Bar Task 

Stage 1 Students can take one level of units 
as given and may coordinate two 
levels of units in activity. 

Students mentally iterate the short bar, imagining how 
many times it would fit into the longer bar. This activity 
might be indicated by head nods or sub-vocal counting. 

Stage 2 Students can take two levels of units 
as given, and may coordinate three 
levels of units in activity. 

Students mentally iterate the medium bar four times, 
with each iteration representing a 3. This activity might 
be indicated by the student uttering “3, 3, 3, and 3; 12.” 

Stage 3  Students can take three levels of 
units as given, and can thus flexibly 
switch between three-level 
structures. 

Students immediately understand that there are four 
threes in the long bar. This assimilation of the task might 
be indicated by an immediate response of “12,” 
buttressed by an argument that 12 is four 3s. 

  
There are several studies in mathematics education literature investigating students’ unit 

coordination stages and how these stages played a role in students’ understanding other math topics 
(e.g., Hackenberg, Aydeniz, Jones, & Borowski, 2017; Hackenberg, Jones, Eker & Creager, 2017; Ulrich 
& Wilkins, 2017; Zwanch, 2019). Some of these studies pointed out that the difficulty in coordinating 
two- and three-level units was one of the main reasons for the weak performances in students’ 
mathematics learning (Hackenberg, 2013; Hackenberg & Tillema, 2009; Norton & Boyce, 2013; Steffe 
& Olive, 2010). Specifically, algebraic equations involving improper fractions in the middle school 
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mathematics curriculum required thinking improper fractions as a unit of some amount of unit 
fractions, and students who could not coordinate three-level units had difficulties in solving these 
equations (Ulrich, 2015). Similarly, in another research, researchers found that Stage 1 and Stage 2 
students, who could not maintain three-level units, could not develop reciprocal reasoning and could 
not write equations involving the reciprocal relationship between two unknown quantities 
(Hackenberg & Sevinç, under review). Furthermore, it was observed that as students’ unit 
coordination stages increase, they could write correct algebraic equations involving multiplicative 
relations between two unknown quantities (Zwanch, 2019). Hackenberg and colleagues (2017) also 
found that almost half of the students could coordinate three-level units and express the 
multiplicative relations involving fractions more easily.  Besides, other students could only coordinate 
two-level units and therefore had difficulties in expressing the multiplicative relations and tended to 
use numerical examples to make sense with the multiplicative situations. 
 Although we have not encountered any study investigating unit coordination levels of 
students in Turkey, some focused on multiplicative and proportional reasoning and indirectly dealt 
with unit coordination (e.g., Akkuş Çıkla & Duatepe, 2002; Toluk Uçar & Bozkuş; 2016). Toluk Uçar 
and Bozkuş (2016) studied 4-7th grade students’ performances on problems involving additive and 
multiplicative relations. They found that only 3% of the students could identify the additive and 
multiplicative reasoning situations and solve the problems correctly. The researchers also observed 
that while the 4th, 5th, and 6th graders often tended to use addition as a problem-solving strategy, 7th 
graders could use multiplicative reasoning in their solutions. In this regard, we believe that the study 
in which we aimed to identify middle school students’ unit coordination stages would constitute an 
empirical foundation to understand Turkish students’ difficulties in learning mathematics.  

METHODS 

Since we aimed to identify 5-8th grade students’ unit coordination stages and understand how 
these students use unit coordination to solve problems requiring multiplicative reasoning, we 
designed a qualitative case study using a structured coding frame. A case study is a qualitative 
research approach that investigates a case thoroughly (i.e., a group, a subject, or a framework) around 
a framework (Creswell, 2007; Yin, 2003). This study is a multi-case study, and each grade level in the 
middle school (i.e., 5, 6, 7, and 8th grades) is determined as a case concerning unit coordination levels. 

Participants 

139 middle school students in Istanbul, one of the metropolitan cities in Turkey, were selected 
through convenient sampling. Since there were two classes in the 5th, 6th, and 7th grades, we collected 
data from all students in these grade levels. However, there were four 8th grade classes in the school; 
we randomly selected two of them to involve in the study. All students were invited to the study, and 
their voluntary participation was asked. Furthermore, we informed students’ parents about the study 
and gathered signed consent forms from the parents. Table 2 below presents the number of 
participating students across grade levels and gender. 

Data Collection Tool: Unit Coordination Test 

We utilized the Unit Coordination Test developed by Norton and colleagues (2015) to identify middle 
school students’ unit coordination stages based on their written responses (see Appendix A). This test 
involves seven tasks involving multiplicative relations between quantities. In each task, three bars in 
different lengths and colors were given, the multiplication relation between two pairs of the bars was 
stated numerically, and the multiplicative relation between the third pair was asked. In other words, 
students were asked to find the unknown multiplicative relation using the known ones and show the 
solution strategies explicitly.  We analyzed students’ responses using the evaluation rubric developed 
by Norton and colleagues (2015).  
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Table 2. Number of students across grade level and gender 

Grade Level   Number of Girls Number of Boys Total Number of Students 

Grade 5 13  12 25 (18%) 

Grade 6 10 11 21(15.1%) 

Grade 7 24 28 52 (37.4%) 

Grade 8 22 19 41 (29.5%) 

Total 69 (49.6%) 70 (50.4%) 139 (100.0%) 

  
Hackenberg, Norton, and Wright (2016) explained the tasks in the Unit Coordination Test and 

indicators of unit coordination stages in detail. In the first two tasks, students were expected to find 
how many medium bars fit into the long bar and how many small bars fit into the medium bar, 
respectively. While the responses between 2 and 4 were acceptable for Task 1, the responses between 
3 and 5 were reasonable for Task 2. To answer Task 3 that asked how many small bars would fit into 
the long bar, students were expected to use the answers they found in the first two tasks.   
 The tasks in the rest of the Unit Coordination Test involved the bars, the lengths of which 
purposefully did not reflect the multiplicative relations stated in the tasks. Therefore, these tasks 
were considered important to determine whether student responses reflected Stage 2 or Stage 3. For 
example, in Task 4, the multiplicative relations between small and medium bars and between medium 
and long bars were given numerically, and finding how many small bars would fit into the long bar 
required to multiply given relations. In Tasks 5 and 6, a bar was determined as a reference bar, and 
the multiplicative relations between this bar and the other two bars were given numerically. For 
instance, in Task 5, the long bar was selected as a reference bar. The task numerically stated how 
many medium and how many small bars fit into the long bar and asked the relation between the other 
pair of bars (i.e., how many small bars would fit into the medium bar). Task 6 presented how many 
small bars were needed to make the long bar and how many for the medium bar and asked how many 
medium bars would fit into the long bar. These two tasks involved reverse multiplicative reasoning 
and required students to use division, contrary to previous tasks.  Similarly, the last task involved 
reverse multiplicative reasoning but not a whole number relation. In other words, a fractional amount 
of one unit was needed to make the other bar.  

Students who (i) relied on the visual appearance of the bars rather than using the numerical 
relations stated in the task, (ii) doing addition or subtraction rather than multiplication (on the 3rd 
and 4th tasks) and division (on the 5th, 6th, and 7th tasks) with the given relations between units, (iii) 
could not respond, or (iv) stated that they did not understand the task were identified at Stage 1. If 
students’ drawings and/or explanations indicated that they created composite units using one of the 
given relations between the units, their unit coordination stage was considered either Stage 2 or Stage 
3. Students who drew or explain more than one two-level unit coordination were identified at Stage 
2. In other words, Stage 2 students could maintain two-level units, although they could coordinate 
three-level units. These students could represent two-level unit relations in two different drawings 
separately. Instead, students who could draw a single picture involving a unit of unit of units were 
determined at Stage 3. Therefore, students’ explanations, in addition to multiplication and division 
operations and drawings, were considered as indicators of Stage 3.  

Norton and colleagues (2015) also developed an evaluation rubric considering their 
conjectures as they were developing the tasks and related literature on indicators of unit coordination 
levels (e.g., Hackenberg, 2010). During this process, researchers asked teachers and other researchers 
to assess students’ unit coordination stages by using both written assessment and clinical interviews. 
The researchers then compared these assessments to test the validity and reliability of the written 
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test and evaluation rubric. In addition, to test the inter-rater reliability, they compared unit 
coordination levels identified by different researchers. The inter-rater reliability between two 
researchers who assessed 47 students’ unit coordination stages separately was found as 80.9% 
(Norton et al., 2015). For the reliability, Spearman rho statistics was calculated (r =0.808). Besides, 
the Kappa statistics, 0.705, indicated sufficient reliability. After this validity and reliability testing 
processes, researchers made necessary revisions on the evaluation rubric. 

To use the Unit Coordination Test in this study, we first contacted Anderson Norton, who was 
one of the researchers in the research team that developed the test and asked for permission. Second, 
two mathematics education researchers translated the test from English to Turkish. Third, the 
translated test was administered to ten 5-8th grade students to test the clarity of the tasks. Forth, we 
revised the translation of the test based on students’ questions and their responses. Lastly, we asked 
an experienced mathematics education professor to check the latest translation, and we finalized the 
translated version considering her suggestions.  

Data Analysis Procedure 

The first author implemented the Unit Coordination Test to 5-8th grade students (i.e., 139 students in 
total) in a middle school in Istanbul during the Spring semester. Prior to the implementation, students 
were informed about the study and ethical considerations such as that their information would not 
be shared with anyone, and anonymous responses will be used only in academic publications.  
Besides, students were asked not to provide their names on the test. Instead, we gave an ID number 
to each student’s test, and therefore no identifying information was collected. The Unit Coordination 
Test was administered in a one-class period (i.e., 40 mins.), and additional time was provided for 
students who needed it. Since students’ drawings and explanations were important, students were 
reminded to show their ways of thinking through explanations or drawings on the paper. 

The data was coded in a qualitative data analysis software called MAXQDA (VERBI Software, 
2017) through the rubric developed by Norton and his colleagues (2015). We first evaluated each 
task separately based on the indicators of the unit coordination levels and determined students’ unit 
coordination stages at each task. Since the first three tasks were related to each other, they were 
considered as one group. Particularly, Task 3 was used to identify the unit coordination stage for this 
group. When we finish coding each task separately, the dominant stage appeared on the test was 
determined as the overall unit coordination stage of the students. During the coding process, 
particularly when determining the overall unit coordination stage of the students, two researchers 
discussed the indicators and reached a consensus for each student.  

FINDINGS 

In this section, we introduce the findings that show 139 middle school students’ unit 
coordination stages across grade levels (i.e., 5-8th grades).  

The analysis of students’ responses showed that there were 62 students (44.6%) operating at 
Stage 1 of unit coordination. These students could not assimilate the multiplicative relationship 
between the units, and they operate with units of ones. The number of students operating at Stage 2 
was 66 (47.5%), the highest percentage across all stages. They could take two levels of units as given 
in multiplicative situations, and they carried out some activities such as drawing and iterating the 
units to establish the third level of units. The number of students operating at Stage 3 was 11 (7.9%), 
the lowest percentage among the stages. These students demonstrated that they could assimilate and 
immediately explain the given relations in three levels of units. These results were summarized in 
Table 3. 

As seen in Table 3, we observed that there were students at each unit coordination stage in 
each grade level, and the least number of students was at Stage 3 in each grade level. While the 
students operating at Stage 1 were more in the fifth, sixth, and seventh grades, more students were 
operating at Stage 2 within eighth graders. Table 3 also showed that the percentage of students at 
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Stage 1 decreases as the grade level increases. The number of students operating at Stage 2 increased 
gradually from grade 5 to grade 8. The number of students performing at Stage 3 was the lowest in 
each grade level, and the number of students at this stage did not show an increase across grade levels. 
The number of Stage 3 students decreased from the fifth grade to sixth grade and from the seventh 
grade to eighth grade but increased from the sixth grade to seventh grade. In the following sections, 
we presented the unit coordination stages of students at each grade level, supported by sample 
student responses.  

Table 3. The unit coordination stages of middle school students  

Grade Level Stages of Unit Coordination  
 

 
Stage 1 Stage 2 Stage 3 Total  

5 13 (52.0%)  9 (36.0%) 3 (12.0%) 25 (18.0%) 

6 10 (47.6%) 10 (47.6%) 1 (4.8%) 21(15.1%) 

7 25 (48.1%) 22 (42.3%) 5 (9.6%) 52 (37.4%) 

8 14 (34.1%) 25 (61.0%) 2 (4.9%) 41 (29.5%) 

Total 62 (44.6%) 66 (47.5%) 11 (7.9%) 139 (100%) 

5th Grade Students’ Unit Coordination Stages  

The unit coordination test was implemented to 25 fifth grade students. We found that 13 of these 
students (52.0%) demonstrated Stage 1; nine students (36.0%) demonstrated Stage 2, and three 
students (12.0%) demonstrated Stage 3 indicators. 

While determining the overall unit coordination stages of fifth-grade students, we observed 
that the responses of 21 students (84%) indicated the same unit coordination level in all tasks. Hence, 
this dominant stage was determined as the overall unit coordination level. Besides, the answers of 
three students involved Stage 2 and 3 indicators, and one student’s response indicated Stage 1 and 2. 
These students’ overall unit coordination stages were determined according to the most frequent 
stage appeared in their tests. The student who demonstrated Stage 1 and 2 indicators was evaluated 
at Stage 1. Two of three students who have both Stage 2 and 3 indicators were identified as Stage 2 
and one at Stage 3. Specifically, students’ responses to Tasks 5, 6, and 7 were distinctive in making 
decisions whether they operated at Stage 2 or 3. As mentioned earlier, the common feature of these 
tasks was using given multiplicative relationships and reversing the multiplicative reasoning.  

Table 4. Fifth graders’ unit coordination stages 

 Unit Coordination Stages 

Tasks Stage 1  Stage 2 Stage 3 

1-3 14(56%) 11 (44%) 

4 11 (44%) 13 (52%) 1 (4%) 

5 13 (52%) 7 (28%) 5 (20%) 

6 13 (52%) 9 (36%) 3 (12%) 

7 16 (64%) 6 (24%) 3 (12%) 

Overall Assessment 13 (52%) 9 (36%) 3 (12%) 

The analysis showed that fifth graders mostly performed at Stage 1 in almost all tasks in the 
test. In addition, the number of students operating at Stage 3 was the lowest in all tasks. As seen in 
Table 4, the unit coordination levels of fifth-graders gradually decreased from Task 4 to Task 7, the 
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distinctive tasks in determining Stage 2 and 3. This result pointed out that the fifth graders could not 
assimilate or explain the multiplicative relationship within three-level unit structures. To decide on 
the overall unit coordination stages of students, students’ responses in Task 5, 6, and 7 appeared 
critical since they involve reverse multiplicative reasoning.  

The students’ drawings showed that Stage 1 students mostly relied on the length of the bars 
appeared on the paper rather than using given multiplicative relations. We also observed that some 
students did not consider the pre-drawn small bar while counting the iterated units they drew. The 
student response in Figure 2 illustrates a Stage 1 student’s response to Task 5. 

 

 

FIGURE 2. A fifth grader’s response at Stage 1 in Task 5 

 

As seen in this sample student response, the student relied upon the appearance of bars rather than 
using the given relations. Moreover, the student did not count the first bar given while he was 
counting the iterated units that s/he drew next to the given bar. We observed similar responses in 
other Stage 1 students. Also, Stage 1 students added or subtracted numbers given in the task rather 
than multiplying or dividing.   

On the other hand, almost all students at Stage 2 used multiplication or division operations 
without making any justification, explanation, or drawing. Figure 3 shows a Stage 2 student’s 
response that involved division operation but no further explanation of why he divided the given 
numbers. Besides, there were some students who used given two-level unit relations and provided 
explanations. In Figure 4, a sample student response at Stage 2 showing the coordination of three-
level units by taking multiple two-level relations as given. 
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FIGURE 3. A fifth grader’s response at Stage 2 in Task 6. 

 

FIGURE 4. A fifth grader’s response to Task 4 

As seen in Figure 4, iterating a medium unit consisting of six small units two times formed 12 small 
units; that is, two medium units; therefore, one long unit. This response involved multiple two-level 
unit relations and therefore indicated Stage 2.  

On the contrary, students at Stage 3 of unit coordination could draw three-level unit relations 
at once and provide justifications revealing their assimilation of given relations into a three-level 
structure. Tasks 5, 6, and 7 played a significant role in characterizing students’ stages of unit 
coordination because they require reversing multiplicative reasoning. In Figure 5, we provide the 
answers of two students performing at Stage 3 of unit coordination in Task 7.  

2 medium purple bars 
make 1 long orange bar. 
6 small green bars make 1 
medium purple bar. 
Accordingly, using 6 small 
green bars makes 1 
medium purple bar. Using 
12 small green bars makes 
2 medium purple bars. So, 
2 medium purple bars 
make 1 long orange bar.  

It was easy 

Following the instructions, I 
divided 12 by 3. 
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FIGURE 5. Two fifth graders’ responses indicating Stage 3 in Task 7 

In Figure 5, student A showed three-level units at once on his drawing, so operated at Stage 3 of unit 
coordination. Student B justified why he used division operation based on the part-whole relationship 
and maintained a single three-level relation.  

6th Grade Students’ Unit Coordination Stages 

Among 21 sixth grade students participating in the study, 10 (47.6%) students were identified as 
Stage 1, 10 (47.6%) students were operating at Stage 2, and one (4.8%) student was identified at 
Stage 3.  

While determining the overall unit coordination levels of sixth graders, we observed that 13 
students’ responses indicated the same stage in all tasks, and this stage was determined as their 
overall unit coordination stage. Nine of those students were operating at Stage 1, and four of them 
were identified as Stage 2 in all tasks. Other students’ responses involved indicators of multiple stages 
in different tasks. Specifically, three students responded at Stages 2 and 3; four students at Stages 1 
and 2, and one student at Stages 1, 2, and 3. The student who reflected all three levels of unit 

Purple  

Green 

Orange bar 

Purple bar  

g=Green  

Student A 

2
1

4
 Purple  We split 1 medium bar into 

4. If 9 green bars make 1 
orange  
 
9 green=2 purple + 1 green 
   
We split 1 into 4, this equals 

to 2 whole ones and one  
1

4
 

purple; that is, the answer 

is 2
1

4
  

Student B 
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coordination during the task-by-task analysis was determined as operating at Stage 2 in the overall 
assessment. In the overall assessment process, we focused on the dominant stage and distinctive 
tasks (i.e., tasks 5, 6, and 7).  

The task-by-task assessment indicated that Stage 1 was more prominent in nearly all tasks. In 
other words, sixth-graders mostly relied on the appearance of the bars shown on the paper rather 
than using given multiplicative relations and/or used addition or subtraction of the given relations. 
As seen in Table 5, the percentage of responses indicating higher stages decreased towards the end 
of the test.  

Table 5. Sixth graders’ unit coordination stages  

 Unit Coordination Stages 

Tasks Stage 1  Stage 2 Stage 3 

1—3 9 (42.9%) 12 (57.1%) 

4 12 (57.1%) 9 (42.9%) 0 (0%) 

5 10 (47.6%) 7 (33.3%) 4 (19.1%) 

6 14 (66.7%) 7 (33.3%) 0 (0%) 

7 16 (76.2%) 4 (19.0%) 1 (4.8%) 

Overall Assessment 10 (47.6%) 10 (47.6%) 1 (4.8%) 

 
In most of the Stage 2 responses, the students only used the given numbers in the tasks and 

did multiplication or division without any explanation and justification. Besides, some students 
showed the iteration of units on drawings or expressed that they performed mental iteration, 
although they did not do any calculation. For example, the student response to Task 3 shown in Figure 
6 indicated correct multiplicative reasoning that was shown by the iteration of units and repeated 
addition.  

 

FIGURE 6. A sixth grader’s response to Task 3 indicating Stage 2 

I measured with hash 
marks  

I measured with hash 
marks  

By addition, if 1 yellow 
bar has 3 pieces. 
I found in this way. 
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This student found 11 as the answer, although the correct answer was 12. S/he found 11 because 
s/he did not take into account the given first bar while adding units of threes and added the last 
composite unit as a unit of 2 (i.e., 3 + 3 +3 +2 = 11). As seen in this response, the case of not counting 
the first pre-given bar was observed in sixth-grade students as well as in the fifth graders. Figure 7 
demonstrates another Stage 2 student’s response using two levels of units as given and coordinating 
three levels of units in action. In Task 4, the student found the multiplicative relationship between 
green and orange bars by adding six two-times (i.e., two units of six units of green), using the 
information that six green bars fit into the one purple bar and two purple bars fit into the one orange 
bar.  
 

 

FIGURE 7. A sixth grader’s response to Task 4 indicating Stage 2 of unit coordination 

The responses indicating Stage 3 included students’ explanations of why they did a particular 
operation. A sample student response to Task 5 was given in Figure 8. 

 

 

FIGURE 8. A sixth grader’s response to Task 5 indicating Stage 3 

8÷ 2 because it requires eight 
small ones to make a bar that 
aligned with one long bar. Since 
the purple (bar) is half of the 
orange (bar); it requires to 
divide the lengths.  

4 pieces 

When adding 2 purple, it 
makes (one) orange 
If 6 green makes 1 purple, 12 
green make (one) orange.  
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This student’s response indicated his/her understanding of the multiplicative relationship in three 
levels of units (i.e., a composite unit of composite units) and his/her reverse multiplicative reasoning. 
S/he also provided the following explanation: “because it requires eight small ones to make a bar that 
aligned with one long bar. Since the purple (bar) is half of the orange (bar); it requires to divide the 
lengths.” Another Stage 3 student justified the division operation by displaying three levels of unit 
coordination in drawings (see Figure 9).  

 

FIGURE 9. A sixth grader’s response to Task 7 indicating Stage 3 

As seen in Figure 9, this student showed a long orange bar as composed of two purple bars, each of 
which involved four green bars on a single picture (i.e., a unit of units of units). This picture 
demonstrated that s/he could maintain three levels of units at a time and used it to explain his/her 
solution.   

7th Grade Students’ Unit Coordination Stages  

According to the overall assessment of 52 seventh graders, 25 students (48.1%) were identified at 
Stage 1; 22 students (42.3%) were at Stage 2, and five students (9.6%) were characterized at Stage 3 
(see Table 6).  

The responses of 30 seventh grade students (57.7%) indicated the same unit coordination 
level in all tasks in the test. 16 of these students responded to all tasks at Stage 1 and 14 of them at 
Stage 2. In addition, the responses of 11 students (21.2%) included indicators of both Stage 1 and 2; 
10 students (19.2%) showed indicators of both Stage 2 and 3, and one student responded at all three 
stages throughout the test. Considering students’ responses to 5th, 6th, and 7th tasks involving reverse 
multiplicative reasoning, the most frequent unit coordination level within the test was determined as 

= 1 orange 
bar 
 

Purple bar 
 

I’ve drawn 

Green 
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the overall unit coordination stage. Seven of 11 students who responded at both Stage 1 and 2 were 
determined at Stage 1 in the overall assessment, while four of them were identified at Stage 2. Half of 
the students who responded at both Stage 2 and 3 were categorized at Stage 2 while the other half 
was recognized at Stage 3. Lastly, the student performed at different stages in different tasks was 
determined to be at Stage 2.   

Table 6. Seventh graders’ unit coordination stages 

 Unit Coordination Stages 

Tasks Stage 1  Stage 2 Stage 3 

1--3  24 (46.2%) 28 (53.8%) 

4 26 (50.0%) 26 (50.0%) 0 (0%) 

5 25 (48.1%) 21 (40.4%) 6 (11.5%) 

6 26 (50.0%) 14 (26.9%) 12 (23.1%) 

7 32 (61.5%) 16 (30.8%) 4 (7.7%) 

Overall Assessment 25 (48.1%) 22 (42.3%) 5 (9.6%) 

 

Although the majority of the seventh graders responded at Stage 1 in almost all tasks, the 
percentage of Stage 1 students decreased at later tasks in the test. Similarly, the percentage of 
students at Stage 2 displayed a sharp decrease, while the number of students at Stage 3 increased 
from Task 5 to 6. In general, we observed that half of the seventh graders in the study could not reach 
a unit coordination level in which they can assimilate and use multiplicative relationships. On the 
other hand, other students could take two levels of units as given and use them one by one to build 
up the third level of units (i.e., Stage 2). However, they were not in the level of comprehending a single 
three-level relation at a time, and they could not show multiplicative reasoning apparently in their 
solutions or explanations, which was seen in only 9.6 percent of seventh graders.  

Almost all the Stage 1 students answered the tasks relying on the appearance of the bars. We 
also observed that a few students carried out addition or subtraction operations with the given 
numbers. In the rest of the Stage 1 responses, there were either no response or irrelevant calculations 
or drawings. Besides, we observed that the number of students operating at Stage 2 decreased toward 
the end of the test. The responses of Stage 2 students mostly involved multiplication or division 
operations without explanation or drawing to show their reasoning. Although some students did not 
show the operation on the paper, their answers involved correct procedure (i.e., multiplication or 
division). For example, in Task 4, requiring multiplication of 6 and 2, we inferred that the student 
mentally carried out multiplication by taking two levels of units as given. Hence, this solution 
presented the use of the given multiplicative relations and figuring out the third level unit (see Figure 
10).  As seen in Figure 10, the Stage 2 student represented the multiplicative relationship between 
the units by drawing and found the answer through those drawings without doing any arithmetic 
operation. In this response, we also observed that the student used algebraic expressions, indicating 
an understanding of the multiplicative relationship between unknown quantities.  

Some other Stage 2 students, on the other hand, provided explanations in addition to the 
drawings. For example, a student showed her/his assimilation of two-level multiplicative relationship 
in Task 3 through the following explanation: “if one yellow bar was made up of three blue ones, four 
yellow bars was made up of 12 blue ones” even though s/he did not carry out an arithmetic operation. 
Furthermore, some students’ responses included signs of proportional reasoning, although it was 
seen only procedurally. We infer that this might be because students learned ratio and proportion in 
the seventh-grade. Figure 11 presented such a case. In this student response, the student displayed 
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the multiplicative relationship between green and orange and between green and purple bars. Then 
s/he built up the third ratio showing the multiplicative relationship between purple and orange by 
using previous ratios. The same student used the same strategy in other tasks as well. 

 

 

FIGURE 10. A seventh grader’s response to Task 4 indicating Stage 2 

 

FIGURE 11. A seventh grader’s response to Task 6 indicating Stage 2 

Y refers to Green 
M refers to Purple 
T refers to Orange  
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Regarding Stage 3, the most apparent indicator was showing three level-units on a single 

picture or explaining why they did multiplication/division. A sample Stage 3 response was given in 

Figure 12. Student’s drawing on Task 5 represented a three-level unit structure on a single picture 

involving the long orange bar split into two (i.e., two purple bars), each of which was split into four 

(i.e., four green bars). Therefore, her/his unit coordination level indicated Stage 3.  

 

 

FIGURE 12.  A seventh grader’s response to Task 5 indicating Stage 3 

 Similar to the Stage 2 students, some of the Stage 3 students algebraically represented the 
multiplicative relations between units. For example, a student wrote “x, 4x, 9x” to describe the length 

of bars in Task 7 and answered the task as 2
1

4
 . Viewing the multiplicative relations correctly and 

finding both the whole- and fractional-part of the response correctly were categorized as indicators 
of Stage 3. This response showed that s/he could interiorize three-levels of units at once and reversed 
her/his multiplicative reasoning. Another student response to Task 7 pointed out single three-level 
unit coordination through drawings (see Figure 13).  
 

 

FIGURE 13.  A seventh grader’s response to Task 7 indicating Stage 3 

4 pieces 

Orange (bar) with eight pieces  

4 pieces make (one) purple (bar) 

It is a decimal  
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As seen in this student response, this student was determined at Stage 3 because s/he demonstrated 
three-level unit relations at a time on the picture despite the incorrect decimal-part of the response.  

8th Grade Students’ Unit Coordination Stages 

Among the 41 eighth graders, we identified 14 (34.1%) Stage 1 students, 25 (61.0%) Stage 2 students, 
and two (4.9%) Stage 3 students. 26 students responded to all tasks in the test at the same stage of 
unit coordination (i.e., 13 students at Stage 1, 11 students at Stage 2, and 2 students at Stage 3). Eight 
students demonstrated both Stage 1 and 2 indicators, and five students showed both Stage 2 and 3 
indicators. For students showing indicators of multiple stages, the overall assessment was made 
considering the most frequent stages across the tasks in the test. Among the eight students who 
showed both Stage 1 and 2 indicators, one of them was identified at Stage 1; seven were at Stage 2. 
All five students who revealed both Stage 2 and 3 responses were determined to be at Stage 2. Lastly, 
the unit coordination stages of two students whose responses indicated all three stages in different 
tasks were categorized at Stage 2.  The eighth-grade students’ unit coordination stages in each task 
and in the overall assessment were given in Table 7. 

Table 7. Eighth graders’ unit coordination stages 

 Unit Coordination Stages 

Tasks Stage 1 Stage 2 Stage 3 

1—3 17 (41.5%) 24 (58.5%) 

4 14 (34.1%) 25 (61.0%) 2 (4.9%) 

5 14 (34.1%) 22 (53.7%) 5 (12.2%) 

6 17 (41.5%) 21 (51.2%) 3 (7.3%) 

7 23 (56.1%) 12 (29.3%) 6 (14.6%) 

Overall Assessment 14 (34.1%) 25 (61.0%) 2 (4.9%) 

 

As seen in Table 7, the general overview of the eighth-grade students’ unit coordination stages 
showed that the number of students operating at Stage 2 was at the highest percentage in each task 
except the last one. Similar to the fifth, sixth, and seventh grade students, the percentage of eighth-
graders at Stage 3 was the lowest. This finding indicated that more than half of the eighth-grade 
students could not develop conceptually flexible ways of maintaining three levels of units at once. 
However, they could coordinate the multiplicative relationship between pairs of the units and carry 
out the required operations in multiplicative situations.  

Similar to the results in other grades, all Stage 1 students, except one who did subtraction, 
considered the appearance of bars on the paper. Eighth graders who performed at Stage 2 either 
carried out multiplication and/or division operations with or without explanations or represented 
the multiplicative relationship by drawing a picture. For example, a Stage 2 student showed the 
iteration of three green bars, counted as “3-6-9-12,” and carried out a division operation afterward, 
as seen in Figure 14. Another student’s response to Task 4 in Figure 15 demonstrated that s/he 
coordinated units through the drawings, a Stage 2 indicator. In this case, the student did not 
perform any operation, but s/he drew the number of units based on the given relations, which led to 
the correct answer. 
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FIGURE 14.  An eighth grader’s response to Task 6 indicating Stage 2 

 

FIGURE 15. An eighth grader’s response to Task 4 indicating Stage 2 

I need to divide  

By rule of thumb, I 
extended the bars.   
The reason why I 
extended the 
lengths of the bars 
was that it did not 
say ‘don’t extend’ or 
‘don’t shorten.’  
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Lastly, Stage 3 students either wrote their justifications for the operations they carried out or 
demonstrated three levels of units at the same time on a single picture. For instance, a student who 
stated “2 units of 6 units of green make 12 (units)” was identified as Stage 3. In the same task, another 
student was evaluated at Stage 3 because s/he could display three levels of units on a single picture 
(see Figure 16). 
 

 

FIGURE 16.  An eighth grader’s response to Task 4 indicating Stage 3 

In this student response, both the picture that s/he drew and the numbers, “1-6-12,” that s/he wrote 
on the bars showed that the student could build up the three-level unit relationship. Similarly, another 
student expressed three levels of units at once by using algebraic expressions “x-3x-12x” in Task 6.   

DISCUSSION AND CONCLUSION 

Researchers have emphasized the important role of unit coordination on students’ 
understanding of many mathematics topics and investigated the stages of unit coordination 
(Hackenberg & Tillema, 2009; Norton et al., 2015). In this study, we identified unit coordination levels 
of 139 Turkish middle school students and examined how students at different grade levels 
coordinated multiple levels of units in multiplicative situations.  

The results of the study revealed that almost half of the middle school students (47.5%) 
operated at Stage 2 of unit coordination. In other words, nearly half of the middle school students 
assimilated given two-level multiplicative relations and could coordinate three levels of units through 
either mental or physical activities (Norton et al., 2015). However, these students could not reach to 
the level of maintaining the three levels of units flexibly. Approximately the same percentage of 
students (44.6%) participated in the study showed Stage 1 indicators of the unit coordination. This 

Y stands for 
Green 

Purple  

Yellow  
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observation revealed that almost half of the middle school students could not assimilate the 
multiplicative relationship between the units, although they could view the composite units as a 
collection of ones. Lastly, a small percentage of middle school students (7.9%) demonstrated unit 
coordination at Stage 3. That is, a few middle school students could assimilate the given multiplicative 
relationship as a unit of units of units and immediately switch between the unit structures.   

When the findings were examined in terms of the grade level, we observed that students in 
each grade level demonstrated three stages of unit coordination. However, the number of students 
operating at Stage 3 was the lowest in all grade levels. In other words, a few middle school students 
could immediately take three levels of units as given. Another notable finding was that the number of 
Stage 1 students was the highest in all grades except Grade 8. This finding indicated that most of the 
students tended to rely on the physical appearance of the bars given in the tasks rather than paying 
attention to multiplicative relations between the bars. Stage 1 students’ counting the iterated units 
they drew may also indicate their tendency to answer the task quickly and spending less time on 
reasoning. 

Similarly, studies investigating students’ intuitive ways of thinking in problem-solving 
revealed that students often used irrelevant information that was saliently given in the task instead 
of identifying relevant information among irrelevant ones (e.g., Babai, Levyadun, Stavy, & Tirosh, 
2006). Besides, the considerable number of Stage 1 students at lower grades in the current study 
supports the findings of the study conducted by Toluk Uçar and Bozkus (2016) on multiplicative 
reasoning. Specifically, the researchers found that students’ multiplicative reasoning was not yet 
developed sufficiently in the lower middle school grades. Our study indicated that students’ lower-
level unit coordination led to difficulties in identifying multiplicative relation situations, and therefore 
students demonstrated additive reasoning.  
 Another finding of this study, the increase in the number of students operating at Stage 2 of 
unit coordination toward upper-grade levels, indicated an improvement in unit coordination levels 
of students, particularly in the eighth grade. Moreover, only one eighth-grader carried out 
addition/subtraction operations in multiplicative situations while, in other grade levels, at least five 
students were using additive reasoning, a Stage 1 indicator. This result pointed out that eight graders 
struggled less in identifying multiplicative and additive reasoning situations because eighth-graders 
made the most progress in terms of unit coordination levels compared to lower grades in middle 
school. These findings supported the claims of Toluk Ucar and Bozkus (2016) that upper-grade 
middle school students could use more multiplicative reasoning strategies while solving mathematics 
problems. Steffe (2007) also asserted that upper-grade students’ flexible coordination of three-level 
units could be a consequence of the developmental progress of children. 

Besides, we encountered seventh-grade students’ usage of algebraic expressions or ratios. We 
infer that the mathematics topics (such as algebraic equations, ratio, and proportion) that were 
extensively taught in the seventh-grade mathematics program in Turkey (MNE, 2018) might have 
affected the students’ solution strategies. Although algebraic and proportional relations indicated 
multiplicative relations, the memorized procedures that did not present explicit use of unit 
coordination were not categorized at Stage 3. However, the students who showed the lengths of bars 
using algebraic expressions involving the multiples of the same unknown referred to a single three-
level relation, an indication of Stage 3. 

This study also showed that the responses of Stage 2 students often included multiplication 
and division operations without justification or explanation. For example, in Tasks 5 and 6, carrying 
out division indicated students’ reversing the multiplicative reasoning, Stage 2 or 3 unit coordination 
(Hackenberg, 2010). Since failing to justify division operation might indicate students’ memorized 
procedures rather than showing their assimilation of two levels of units, they were identified at Stage 
2. Tasks 5 and 6 specifically asked the students to provide an explanation to reveal whether students 
were reversing multiplicative reasoning so that they could be identified at Stage 3. However, the 
student responses including multiplication/division operations without explanations might indicate 
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students’ reluctance to provide explanations on the written test even though these students might 
assimilate the relations between the composite units. Therefore, this study was limited with the 
written responses, and therefore we suggest carrying out interview studies to compare the findings 
with those reached in this study.  

The findings of the study revealed that there was a considerable amount of students who 
could not coordinate multiple levels of units (i.e., a high percentage of Stage 1 students), informing us 
about students’ difficulties in learning mathematics. Although the middle school mathematics 
program included many topics involving multiplicative relations, particularly starting in the sixth 
grade, almost half of the students in each grade level were determined at Stage 1. This finding 
indicated that almost half of the students in each grade level could not assimilate multiplicative 
relations between composite units. Considering that the lack of unit coordination influenced students’ 
mathematics learning in other topics such as fractions, rational number, and algebra (e.g., 
Hackenberg, Aydeniz, et al., 2017; Hackenberg, Jones, et al., 2017; Ulrich & Wilkins, 2017; Zwanch, 
2019), the findings of this study suggest mathematics educators designing lessons that would 
improve students’ unit coordination levels. We also suggest mathematics education researchers 
carrying out design-based studies testing the mathematics tasks that would develop students from 
Stage 1 to Stage 3 of unit coordination. Furthermore, we believe that the results of this study may 
inform curriculum developers and lead to revisions in the middle school mathematics program 
regarding students’ unit coordination stages. 

In this study, we elicited the unit coordination levels of students from an accessible middle 
school in Turkey. Therefore, another limitation of the study was the limited number of students in 
only one middle school. Therefore, as further research, we recommend a replication study with more 
middle school students in different regions in Turkey, which may provide a complete picture of the 
phenomenon and more generalizable findings. The written test in assessing the unit coordination 
levels of students allows conducting studies with more participants in an extensive study. However, 
conducting interviews with some students would help to reduce the difficulties encountered in 
deciding the unit coordination stages of students and might increase the validity of the overall 
assessments. Hence, we suggest researchers’ supporting the coded answers in the written test by 
interviews with the students.  
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APPENDIX A 
  

Unit Coordination Test 
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