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Abstract. The aim of this study is to investigate the generalization skills of 9-11t grade students
according to grade and academic success. Case study, one of the qualitative research methods, was
used.63 students from the 9th grade, 56 students from the 10t grade, and 61 students from the 11t grade
have participated to the study in the 2019-2020 academic year from a private Science high school. The
data were collected with “the cube breaking” question. Content analysis was used in the analysis of the
data. The findings obtained showed that students from 11t grader were more successful when
generalizing but students from 10t grader could not reach generalization. At the same time, when
generalization skills are compared according to academic success, it is determined that the thinking
processes in the generalization process differ according to academic success.
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INTRODUCTION

Generalization is expressed as one of the sub-dimensions of mathematical thinking, a high-level
cognitive skill (Krutetskii, 1976), a mental process used in the development of concepts and one
of the stages of algebraic thinking (Tanish & Yavuzsoy-Kdse, 2011). Therefore, as Mason (1996)
states, it is the essence of mathematics. As a reflection of this, one of the aims of teaching
mathematics is to gain students generalization skills. Since mathematical thinking is a thinking
process that is not different from daily thinking, gaining generalization skills will contribute to
overcoming the problems encountered in daily life. As Burton (1984) stated, since the recognition
of a pattern will cause generalization, generalization are frequently made in repetitive situations
in daily life.

Polya (1957, p. 108) defined generalization as “passing from the consideration of one object
to the consideration of a set containing that object; or passing from the consideration of a restricted
set to that of a more comprehensive set containing the restricted one” . Yerushalmy (1993) stated
that generalizations are the special type of prediction and are realized by reasoning. In general, it
can be defined as the expression of an argument in a wider context (Harel & Tall, 1991) extending
the field of validity and reaching a general judgment from special cases (Dreyfus, 1991). As can
be seen from these definitions, generalization is described as both a process and a product.

The behaviors exhibited during the generalization process, the steps followed and the
generalization strategies used have been the subject of many studies. Ellis (2007) introduced a
generalization taxonomy that examined the generalization processes of students. In this
taxonomy, Ellis expressed his mental activities as generalization actions and individuals'
expressions as reflection generalizations and subdivided them. According to Polya (1957),
generalization takes place gradually in the form of explaining the observed phenomenon, giving
examples about the subject and then examining the special examples. According to Radford
(2010), generalizations consist of three stages: factual, contextual and symbolic. The first stage is
the factual generalization, where actions are carried out operatively and the generalization made
remains in the physical dimension. The second stage is the contextual generalization in which
language is used to describe the more abstract and generalizations that the student interprets on
the next term based on the figures. The third stage is the symbolic generalization stage in which
generalization is expressed by making algebraic notations. Varhol, Drageset and Hansen (2020)
studied how 8t grade students cooperate and contribute to generalizing their mathematical
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generalization problems. In this study, the framework proposed by Radford was used. The
findings showed that the collaboration groups formed started with algebraic generalization and
then proceeded through factual and contextual generalization. In addition, all groups have shown
that they produce solutions at the symbolic generalization level.

Similarly, Garcia-Cruz and Martin6n (1998) examined the generalization levels of students
in linear patterns in three stages. In the procedural activity or local generalization phase, the
student realizes the repetitive or recursive feature of the pattern and can see the common
difference with the strategies used. So he/she achieves a local generalization. In the next stage,
conceptual understanding, the student applies similar action to a similar problem and develops a
strategy as a generalization product. The rule created in the previous problem has now become
the stimulus. This stimulus is taken into an appropriate scheme in the mind with the assimilation-
regulation processes. Thus, a strategy is created by taking into account all the performance of the
student in this process. This strategy is used in a new and similar problem. Thus, conceptual
understanding or global generalization is realized. The generalization, which is at the level of
scientific thought, in which the relationships and connections between objects, mental analysis is
made and which requires a higher thought, is called theoretical generalization. Of course, it is as
important as the strategies used in this process as well as understanding the generalization
process. It is seen that these are stated as dividing the pattern into pieces, obtaining the next term
by counting from the previous term, strategies used in changing number and shape patterns,
iterative thinking, clear thinking, visual thinking, numerical thinking, pragmatic thinking
(Sucuogluy, 2015; Lannin, 2005; Becker & Rivera, 2003).

When studies on generalization are examined; it is seen that they are collected under
headings such as revealing generalization strategies (Stacey, 1989; Orton & Orton, 1999; Sasman,
Linchevski & Olivier, 1999; Chua & Hoyles, 2010; Tamish & Yavuzsoy Kose, 2011; Sucuoglu, 2015),
analyzing the generalization process (Lan-Ma, 2007), generalization difficulties (Aslan, 2011), the
effect of numerical and formal clues of the generalization process (Rivera & Becker, 2003), the
effect of problems on solution strategies related to linear patterns (Samson, 2007). There was no
study where variables such as academic achievement, mathematics curriculum and different
grade levels were handled together and the effect of these on generalization skills was
investigated.

In order for the teaching of mathematics to be effective, it is important for both the student,
the teacher, the researchers and the curriculum makers to take the center of the learner and
reveal the actions that take place in the process of creating the information. Since one of the
objectives of the program is to improve the generalization skill, it becomes more important to
reveal the generalization processes of the students and to determine the ways of thinking.

Mathematics teachers' awareness of the mental processes of their students and adjusting
the learning environment accordingly will both facilitate the learning of mathematics and guide
the student in creating new ways of understanding and thinking. On the other hand, the
curriculum guides the students in the behaviors we aim to gain. From this perspective, the
participants of this study come from different examination systems. It is important in terms of
taking and examining as a variable to question the change in generalization skills. Accordingly,
the aim of this study is to examine how the generalization skills of students at different grade
levels and different academic achievements coming from different exam systems change.

METHODS

In this study, Generalization skills of 9th, 10th and 11th grade students were examined. A
case study was used among qualitative research designs. The process followed in the case study;
determining and developing research questions, developing the sub-problems of the research,
determining the analysis unit, determining the situation to be studied, selecting the individuals
to participate in the research, collecting the data and associating the collected data with the
suggestions or sub-problems, analyzing and interpreting the data and reporting the case study.
In this study, firstly, a literature review was carried out. After the literature review, a question
pool was created to be used to collect data in the study. Then, the selection of application
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questions for the pilot study from this question pool was carried out in line with expert opinions.
A pilot study was conducted to determine whether these selected questions measure the desired
skill. At the same time, the researcher gained experience through pilot study.

Participants

In this study convenience sampling method was used. 63 students from 9t grades, 56 from
10th grades, 61 from 11th grades attended the study who have been studying at a private Science
high school in the 2019-2020 academic year. There are six branches in each of the 9th, 10th and
11th grades in this high school. This study was carried out with students from A, B and C branches.
These branches are level groups and A is classified as the best, B is intermediate and C is the lower
intermediate. Each participant is coded as class and branch. In other words, coding in the form of
9a-030 refers to the student number 30 in the A branch in the 9th grade. While collecting the data
the study firstly applied to B, then C and lastly A branches in 11t grades, so the coding was done
in this order. Since it was coded in this way in data analysis, it was given in the study as in this
form without making any changes. The participants of the study were summarized in Table 1.

Table 1. Participants of the study

Grade Branch Student encodings f
A 01-017

9 B 018-040 63
C 041-063
A 01-022

10 B 023-037 56
C 038-056
B 01-020

11 C 021-041 61
A 042-061

As can be seen from Table 1, the number of students attending from 9th, 10th and 11t classes
is close to each other. The reason for choosing these classes is that their high school entrance
exams’ are different. The 11th grade students passed to high school with TEOG (Transition from
Basic Education to Secondary Education System); 10th graders passed half term TEOG and half
term with LGS (Transition to High School System); and 9th grade students passed with LGS exam
system. As a result, the students participating in the study are students who are entitled to enroll
in Science High School with a different system.

Data Collection Tool and Data Collection

The data were obtained with the cube breaking question given below.
Figure 2 is obtained when the cubes in Figure 1 are combined after they are

separated.
o0 0B

a) Ifthe green cube pieces given below with the cubes given in figure 1 are tried
to be obtained with the same method, what is the number of cubes in the new shape

obtained?

b) If you continue this way until one cube with a side length of 10 br is added, what
is the number of cubes of the new shape obtained?

c) If you continue this way until one cube with a side length of n br is added, what is
the number of cubes of the new shape obtained?
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In the first stage, students were expected to explore the rule in a special case 13+23+33=
(1+2+3)2 by interpreting the shape given in the visual and starting from this shape. In option a, it
is expected to go one step further and do what he/she did with 3 cubes with 4 cubes and discover
the rule for the next step 13 + 23 + 33 +43 and give (1 +2 + 3 +4) 2=102 = 100 answer. It is then
expected to forward the rule for 10 cubes, which is a remote case in option b, make an inference,

and give the answer to (1+2+3+...+10)2= (%)2 = 552 = 3025. In the last stage, if any number
of cubes are taken, that is, student is expected to generalize the rule to any situation and give the
answer 13+23+33+43+_ .+ n3=(1+2+3+...+n)2. The data were collected in a single session in each
class.

Data analysis

In the analysis of the data, each of the options a, b and ¢ are coded as “true”, “false” and
“calculation error”. Table 2 shows the sample analysis table for the 9th grade. The first column of
this table contains the code given to the student who participated in the study. Coding 9a means
that the student is in the A branch in the 9t grade. 01, 02,... is the number given to the student in
9A class. A, B and C columns show the options of the question. Thus, thanks to this table, the
answers given by each student in the 9t grade in the options a, b and ¢ were compared. The
answers of the student to the “a” and “b” options, who made the “c” option true, are also shown.
Moreover, it was possible to make comparisons among the branches of the 9t grade, which were
formed according to academic success. These tables, prepared for 9th grade, were prepared in
the same way in 10t and 11t grades. In this way, comparisons were also made between classes.

Table 2. Analysis table for 9t grades

KODLAR A ) c KODLAR A B c
9a-01 Q [+] [ %] 9b-033 [+] [x]
9a-02 Q 9b-034
9a-03 [] [=] 9b-035 [=] [x] [=]
9a-04 [-] (<] [ <] 9b-036
9a-05 [>] Q Q 9b-037 (-] [-] [ <]
9a-06 Q (~] 9b-038
9a-07 o Q 9b-039 [-] [} Q
9a-08 [] [ ] [-] 9b-040 [] [ <]
9a-69 Q (-] 9c-041
9a-010 o Q [-] 9c-042 Q
9a-011 [-] Q 9c-043 Q
9a-012 Q (-] 9c-044
9a-013 [-] Q 9c-045
9a-014 [-] Q [-] 9c-046
9a-015 9c-047 [=] [x]
9a-016 [~] Q [-] 9c-048
9a-017 o 9c-049
9b-018 [x] (~] [ %] 9c-050 [ =] [x]
9b-019 9c-051
9b-620 9c-052
9b-021 Q 9c-053 Q
9b-022 [] 9c-054
9b-023 9c-055
9b-024 9¢c-056 [><] [>]
9b-025 9c-057
9b-026 [x] [=] 9c-058
9b-027 o (<] 9c-059
Sb-028 9c-060 Dogru yapanlar )
9b-029 Q 9c-061
95030 5062 Yanlis yapanlar [x]
ob-631 ) o 0c-063 bos birakanlar
9b-032 [~} [x) a islem hatas (/]
. L~ .
In this table, true answers are coded as , false answers as @ , and answers with
calculation errors as % . Although there was a calculation error, the answers that showed

generalization skills were accepted correct answer, but they were colored yellow to be specific.
Wrong answers were handled as answers away from the expected ones. While giving the findings,
first of all, total true and false answers were given in a table, and then each class was handled
separately according to the students. In this way, both class comparisons were made and
comparisons were made among the students according to the options. In the next stage, the
answers given in each option of the problem were analyzed by content analysis. The main
purpose in content analysis is to reach concepts and relationships that can explain the collected
data. The data interpreted in the study are subjected to a deeper process in content analysis, and
codes and categories that cannot be detected by a descriptive approach can be discovered as a
result of this analysis. For this purpose, the data collected must first be conceptualized, then
arranged according to the emerging concepts, and the themes explaining the data must be
determined accordingly. In this analysis, the results such as which stages the students used most
in the generalization process, which were successful and which failed, and whether they had the
ability to generalize were obtained. Some examples of students' solution processes are shown,
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and then each data is examined one by one according to a certain category system, and codes and
themes are created. After getting the expert opinion for the codes and themes, a general
evaluation of each solution process was made. In this study, the researcher explained in detail the
method, process, data collection and analysis methods of the research, what is done to interpret
the findings and reach the results. In the analysis and interpretation of the data, it was objectively
approached and the data obtained were directly explained with quotations.

RESULTS

In this section, findings obtained as a result of analyzes made based on the methods and
techniques specified are included. In Table 3, the analysis of the question according to the options
and the grades are given.

Table 3. Analysis of the cube breaking question according to options and grades

option a optionb option c
True False Null True False Null True False Null
9th grade (63 Ss) 24 9 30 15 12 36 5 11 47
10t grade (56 Ss) 12 10 34 5 10 41 0 10 46
11t grade (61 Ss) 24 11 26 12 15 34 6 16 39

As can be seen from Table 3, for finding the rule for n = 3 and selecting option a for n=4
special case; while 24 students could made from 9th and 11t grades; only 12 students could made
from the 10th grades. In option b, 15 students from the 9th grades, 5 students from the 10t grades
and 12 students from the 11t grades answered true for the n = 10 special case. As can be seen,
the number of students who answered true in option b has almost decreased to half. In option c,
6 students from 5t and 11th grades answered the question true, and no students from the 10t
grades responded true. While 5 students from 9th grade who made the c option true are expected
to make the a and b options true, only 1 of these students could not make the b option true.
However, the student still made the c option true. In other words, there are 4 students who make
all three options a, b and c true. In addition, 8 students did not make the c option true even though
they did the a and b options true. Although no student in the 10t grade could answer the c option
true, it was observed that 5 students did the a and b options true. 6 students from 11t grade
answered the c option true. All of these students answered the a and be options true. On the other
hand, it was observed that 4 students did not answer c option true even though they made both
a and b options. In the cube breaking question, the content analysis of the students' answers in
each option was made. The categories obtained from the answers given to option a are given in
Table 3.

Table 3. Findings obtained from the answers given to c option of Cube Breaking question

Category Student’s answer 9. 10. 11.
rade grade grade
Counting unit  ~ °° Coc ¢ voe oor AT g g g
wegit = o3 - LU &7“;:
cubes ' 36 :éff\ = 400 oot kap VO
~) ADD Oadet  Wap olus . (93_010) 17 7 16
Area of the vesitden ox 10 D>,
square woer 3 7
Terencw 2 (“,\._‘._-&“'\,rr:‘/ 1 1 3
s i raite 2 ki k™!
(11b-03)
Drawing A R S
shape 3T
T 0 1 1
, i
"W (10b-023)
Those only 100
who wrote the 6 3 4
result
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As can be seen from Table 3, the answers given were collected under 4 different categories.
In this option, students are expected to discover the rule for 13+23+33+43 and give the answer
(1+2+3+4)2=102=100. Students who answered in the category of “counting unit cubes” reached
the result of 13+23+33+43 =100 by calculating the number of red, orange and blue cubes given in
the question and adding the number of cubes in the green cube. While the number of students
responding in this way is 17 in the 9th and 11th grades, it is 7 in the 10th grade. The students in the
category of “area of the square” realized that the new shape formed was a square of an edge and
reached the result as (1+2+3+4)2 based on the area of the square. While the number of students
responding in this way is 1 in 9 and 10th grade, it is 3 in 11th grade. The students who responded
in the category of “drawing shape” thought in the same way as the students in the “area of the
square” category, but showed that one side of the new square obtained by drawing shape is
1+2+3+4. While the students who answered in this way were 1 in 10t and 11t grades, no
students in 9th grade answered in this way. Students who answered in the category of “Those only
who wrote the result” wrote only the result as 100. The number of students responding in this
way is 6 students in 9th grade, 3 in 10t grade and 4 in 11t grade. The categories obtained from
the answers given to option b are given in Table 4.

Table 4 Findings from the answers given in option b of the cube breakdown question

Student’s answer 9. 10. 11.
grade grade grade
Counting unit R i) (o] Q'i 3 3 5
cubes AR SR AL A H )
T4 e ose)
53
PP — 1 8 2 6
(R CRMNPEIE
=Kve At S b e B b L3 Y 2 .
B 2Dl 3 (9b-040)
(? 3% 3 2 2 5, 3 03 3
Area of the L > hA 5 67T F 9 O
square bxb koce :fa)onlnr
\_______’_________———Y-“'\v..“\_—’/
424204916+ 71§49 (020%  ShebS kare elvsun
(10b023)
]Eim"\-.nnqq
BETES e -
AT N
(HZ€] ) egT
(11b-009)
7?( 2 ?'"‘ ;"?“"( e -!{'j ): (ﬁf/\:—n'{? © ,SV'("“ 2"
e -
(11a-048)
Those only who 3025 4 0 1

wrote the result

As seen from Table 4, the answers were collected under 4 different categories. In this
option, it is expected to make an inference for 10 special case and give the answer

(1+2+3+..+10)2= (lozi)2 = 552 = 3025. Students responding in the category of “counting cubes”

made 13+23+33443+53+63+73483+93+103=1+8+27+...+100=3025 as in option a. 3 students from
the 9th and 10t grades and 5 students from the 11th grades responded in this way. The students
who responded in the category of "Area of the square" realized that the length of one side of the
square to be formed as in option a in Table 4.5 is 1+2+3+4 and by making use of the area of the
square (1+2+3+4+5+6+7+8+9+10)2 =552=3025. On the other hand, 8 students from 9t grade, 2
students from 10t grade and 6 students from 11t grade responded in this way. 1 student from
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9th grade and 4t and 11th grade only wrote the result as 3025. The categories obtained from the
answers given to option c are given in Table 5.

As can be seen from Table 5, the answers were collected under two categories. As in
options a and b, students responded either by starting from the number of cubes per unit or by
starting from the area of the square. A total of 4 students, including 2 students from the 9t and
11th grades, who answered in the category of "counting unit cubes”, stated that the number of
cubes would be calculated as 13+23+33+43+...+ n3. A total of 8 students, including 4 students from
9th and 11th grades, answered in the “area of the square” category as 13+23+33+43+.n3 =

(1+2+3+4+...n)2 =(@)2.

Table 5. Findings obtained from the answers given in option c of cube breaking question

Student’s answer 9. . "
gl‘ade grade grade
13 + 13 + ’_Sl"rf;,I_,m ﬂg - "L}mecﬂ‘-n hip Sou ! > 5 .
Counting _ V' (9a-08)
unit cubes
o= (9a:014)
'f,;"._?,?.rgh'-} P ] L {-ﬂzﬁlfﬁ’/! 2
Area of the | s
square

During the generalization process, the strategies used by 9th, 10th and 11t grades students
in options a, b, and c were evaluated together and the findings were summarized in Table 6.

Table 6. Strategies used when generalizing from proximal to remote

Category 9. grade 10. grade 11. grade
a |bj|c a b [c| a b |c
Counting unit cubes 17 |3 ] 2 7 3 10| 16 | 5|2
Area of the square 1 81| 3 1 2 |0] 3 6 | 4
Drawing shape 0 |0]O0 1 0 j]o] 1 010
Those who only wrote result 6 410 3 0 |0 4 110

As can be seen from Table 6, the most preferred strategy for n=4, which is close in 9th, 10th
and 11t grades, is the counting unit cubes strategy. However, as generalization is made, the
strategy used in all 9th, 10t and 11th grades the number of true answers decreases, while the
strategy used increases from the "counting cubes"” category to the "area of the square” category.

DISCUSSION and CONCLUSIONS

The students participating in the study are expected to interpret the shape given in the
visual before giving any answer to the cube breaking question and find out that it is
13+23433=(1+2+3)2 for the special case n=3. Then they are expected to go one step further for
n=4, which is the closest case, and do what they did with 3 cubes with 4 cubes, and discover the
rule for 13+23+33 +43 and give the answer (1+2+3+4)2=102=100. They are then expected to
transfer what they did for n=10, a remote situation, that is, to forward the rule for 10 cubes, make
an inference, and give the answer (1+2+3+...+10)2= (%)2 = 552 = 3025 At the last stage, if any
number of cubes are taken, they are expected to generalize the rule to any situation and give the
answer to 13+23+33+43+...+ n3=(1+2+3+...+4n)2 The findings of the study showed that while 5
students from the 9t grades and 6th and 11th grades could generalize, no students from the 10th
grades could do it. In other words, when generalization skills of different grade levels are
compared; it is seen that 11t grades are more successful and 10t% grades could not reach
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generalization. This finding does not coincide with the findings of the studies in which
generalization skills were examined according to the grade of education. Indeed, when Akkan
(2009) compared the generalization processes of 5-8th grades students, as the grade of education
increased, both the solution strategies in the process of generalizing the patterns differed, and
the students' strategy culture and their ability to explore distant terms increased. Similarly,
Warren (2003) stated that there is not much difference in making generalizations about
arithmetic structures among student groups with different learning experiences. Another reason
for this result can be shown that the students participating in the study are enrolled in Science
High School with different examination systems. Indeed, 9th grades have prepared for LGS exam,
10th grades have prepared for half term TEOG, half term for LGS exam and 11th grades have
prepared only for TEOG exam.

When each grade is compared to its academic achievement, that is, when the generalization
skills of students in branches A, B and C are compared; it was determined that the thinking
processes in the generalization process differ according to academic success. A, B and C branches
were formed according to academic success. As a result of the study, it was determined that A
branch was more successful than B and C branches and B branch was successful than C branch.
This shows that students with high academic skills are also successful in the generalization
process. Of course, academic success is considered as a criterion in participant selection in many
studies (Sasman, et.all; 1998; Lan- Ma, 2007; Chua & Hoyles, 2010; Samson, 2007; Tanish, 2008).
The findings obtained from this study showed that Tanish (2008) 's success levels were not
effective in finding the rule, continuing the pattern to a proximate and finite step and choosing
the pattern; on the other hand, it is not in parallel with the finding that patterns are presented
(number sequence, function table, shape). However, Dindyal (2007) supports the finding that
“students with low mathematics achievement have more difficulty in the generalization step”.
When generalizations made from proximal to remote are examined; students generalizing for n
are expected to do it true for n=4 and n=10. However, only one of these students could not answer
correctly for n=10. On the other hand, there are 8 students from the 9th grade, 5 students from the
10t grade and 4 students from the 11th grade, although they give true answer for n=4 and n=10.
It was interpreted that these students were able to solve the problem in special cases, but with
generalization problems.

When comparisons are made according to the grades and the strategies used in each option;
itis seen that the answers given for n=4 are gathered under the categories of "Counting unit cubes
", "Area of the square" and "Those only who write the result”. In the counting unit cubes category,
the students reached the result of 13+23+33+43 =100 by calculating the numbers of the red, orange
and blue cubes given in the question and adding the number of cubes in the green cube. Students
in the area of the square category realized that the new shape formed was the square of one side
and reached the result as (1+2+3+4)2 based on the area of the square. The students who
responded in the shape drawing category thought the same way as the students in the area of the
square, but showed that one side of the new square obtained by drawing the shape is 1+2+3+4.
Only the students who answered in the category of those only who wrote the result gave the result
as 100. The findings showed that the majority of students responded by counting unit cubes in
9th, 10thand 11th grades. For n=10, it was discussed that the students did not respond in the shape
drawing category, counting the unit cubes, the area of the square and those only who wrote the
result. The reason for this may be that it is easy to draw shapes in the proximal case, while they
think it is difficult in the remote case. Another important finding is that when the students switch
from n=4 to n=10, the students respond more in the area of the square category instead of
counting the unit cubes category. This finding is in line with Arcavi's (2003) idea that visual
techniques are cognitively more supportive than analytical techniques. At the same time, this
finding suggests that Yilmaz (2011) used visualizations in the early stages of the generalization
process (that s, in the processes of association and research), and in the final stages they did not
need visualization; When the generalization process is considered as a whole, it coincides with
the finding that they started the generalization problems visually, and continued with algebraic
operations in the later stages. On the other hand, as seen in the findings of many researches in the
generalization process, they have adopted two approaches, basically visual and numerical
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(Sucuogly, 2015; Tanisli, 2008; Lan Ma, 2007; Orton & Orton, 1999; Sasman et al., 1999; Stacey,
1989). The findings of this study are limited to 9-11th grades students in a Science High School
participating in the study. However, the findings show that there are connections between
academic achievement and classes. Investigations can be made with more students studying in
different high schools and the results can be examined according to the school variable.
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