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Abstract

A powerful mathematical foundation for the study, modelling, and control of robotic systems
is provided by differential geometry, which is a key component of the field of robotics and
control systems. This study examines differential geometry's use in robotics and control
systems, emphasising its value in solving a number of problems that arise in these fields. In
the introduction, the basic ideas of differential geometry, such as manifolds, tangent spaces,
and differential forms, are briefly discussed. In order to create kinematic models that
accurately depict the relationship between the robot's joint angles and the pose of its end-
effector, it then investigates how these notions are used to define the configuration space of
robotic systems. Differential geometry offers a simple framework for comprehending the
topology and geometry of the robot's configuration space, enabling motion planning,
workspace characterisation, and singularity analysis. The paper investigates the use of
differential geometry in sensor integration, perception, and estimation issues in robotics, in
addition to kinematics and dynamics. Tools for analysing sensor measurements on curved
manifolds, such as vision data on a sphere or range measurements on a non-Euclidean
surface, are provided by differential geometry. Because of this, it is now possible to create
reliable perception algorithms and state estimate methods for robotic systems that operate
in complicated situations. The study also examines recent developments in differential-
geometric control theory, including motion planning on Lie groups, optimal control, and
geometric control. Due to these advancements, differential geometry is now more widely
applicable in robotics, allowing for the creation of complex control schemes that take into
account the system's fundamental geometric structure.
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I. Introduction

A noteworthy use of distributed control and coordination algorithms in robotics is formation
control of a network of mobile, autonomous robots. In this case, even if each robot only has
a limited amount of local knowledge about the others, the goal is to stabilise the robots into

4685 | Deepak Khantwal Analysis Of Differential Geometry For Robotics And
Control Systems



the appropriate formation. This idea finds use in numerous technological fields and is
inspired by the natural phenomenon of flocking. Examples include formations of satellites
used for high-resolution imagery, mobile sensor networks forming antenna arrays, and
teams of UAVs performing surveillance missions. Graph theory naturally plays a part in the
formation control problem, defining the formation and describing the sensor relationships—
who can "see" whom. Early research created undirected networks suitable for formation
control using the graph-theoretic idea of rigidity [1], [2]. In [3], these ideas were expanded
to include directed graphs. [4] is a great source that examines how rigidity theory is applied
to formation control. The stability of the desired goal construction, which is defined as an
infinitesimally rigid framework, has recently been demonstrated using rigidity as an analysis
tool [5]-[8].

Using potential function approaches to create distributed control rules is a typical strategy
for obtaining formation stabilisation. These techniques were initially created for undirected
graphs [2], but they have since been expanded to directed topologies [5], [6]. An alternative
method for achieving the desired formation is to drive each robot directly in the direction of
a target point [7], [8], or by using the Jacobi over relaxation iteration [9].
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Figure 1: Representation of framework

Prior research [10]-[14] have concentrated on a Lyapunov-type technique particular to
triangle formations in the context of global stability analysis, but this approach cannot easily
be applied to higher order formations. In this note, a novel, Lyapunov-independent method
based on differential geometry is introduced. The suggested approach tries to recognise and
avoid robot convergence towards undesirable equilibrium sets. These sets are depicted as
submanifolds that are embedded in the inter-agent position space, which is where the
dynamics of formation naturally develop. A technique for analysing the instability of
submanifolds is derived using differential geometry. Based only on algebraic calculations,
this tool shows that the linearized vector field points away from these manifolds. Thus, this
geometric method proves the instability of these submanifolds without the need for
Lyapunov function.
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The analysis and control of robotics and control systems heavily rely on differential
geometry. It offers strong mathematical frameworks and techniques for comprehending the
dynamics, control, and geometric aspects of robotic systems. Researchers and engineers can
create effective algorithms, controllers, and planning strategies for a variety of robotic
applications by utilising the principles and methods from differential geometry.

Robotic systems are dynamic and sophisticated, made up of many interconnected parts that
communicate with one another and with their surroundings. We can model and analyse the
motion and behaviour of these systems in a geometrically meaningful fashion thanks to the
study of differential geometry. The configuration space, motion space, and interactions
between the robot and its environment are all described using a mathematical language.

The study and control of robot manipulators is one of the main areas in robotics where
differential geometry finds widespread use. Kinematic and dynamic constraints control the
motion of manipulators, which are mechanical systems with many joints and connections.
Using mathematical constructs like manifolds, tangent spaces, and Lie groups, differential
geometry enables us to represent and analyse the configuration space and motion space of
manipulators. This geometric viewpoint enables us to construct beautiful and effective
algorithms for manipulator control, trajectory planning, and inverse kinematics. The
investigation of robot motion planning and obstacle avoidance is a significant use of
differential geometry in robotics. Differential geometry offers instruments by describing the
environment and obstacles of the robot as geometric objects, such as manifolds or polyhedra.

IL. Robots formation control is problematic

In our setting, a fully actuated vehicle working in a two-dimensional plane is referred to as
an autonomous robot. Although these robots lack communication equipment, they do have
an onboard camera. The dynamics equation, where represents the robot's position and
denotes the control input, models the motion of each robot. If we take a look at three of these
robots, their concatenated vectors can be shown as and. As a result, the system's overall
dynamics can be described as.

The cyclic sensor graph, which is a directed graph with three nodes and three edges oriented
in a clockwise direction, as shown in Figure. 1, determines the sensing topology among the
robots. We embed the graph, where each node in the graph represents a robot.

We write the concatenated vector of links as in our notation. We use and to symbolise the
2x2 zero matrix and to symbolise the 2x2 identity matrix. With these definitions, the block
circulant incidence matrix can be rewritten as follows:

-11 12 02

H = 02 -12 12

4687 | Deepak Khantwal Analysis Of Differential Geometry For Robotics And
Control Systems



IV 02 -12

The robots' relationships in terms of their relative distances and directions are depicted in
the matrix B. The robot's outgoing linkages, which represent the relative measures it can feel,
are represented by the robot's negative identity matrix (-I_2). The inbound links, or positive
identity matrix (I_2), reflect the data that the robot gathers from other robots. There are
some robot pairings where there are no links, which is explained by the zero matrix (0).

A set of distance constraints, given the sensor network, define a triangle formation, where
represents the two-norm. The triangle inequalities must be satisfied in order for these
distance restrictions to be realisable. Finding a distributed control law where each control
law may be applied using onboard sensing is the goal in the context of formation control. The
objective is to ensure that all inter-agent distances converge as they go closer to zero. The
feasible set of formations is the collection of all frameworks that adhere to the distance
restrictions.

a. Stability Target formation

Utilising a natural idea—the potential function method—is an innovative way to determine
the stability of the goal construction. In formation control research, this technique has been
frequently employed to assess and guarantee stability features.

Based on the desired target formation and the inter-agent distances, a potential function can
be developed in this situation. We may measure the departure from the ideal configuration
because the potential function represents the relationship between the existing formation
and the desired formation.

V(x) = %XTP X (1)
Where,

e The Lyapunov function is zero at the intended equilibrium point, or the origin,
when V(0) = 0.

e The Lyapunov function is positive definite, which means it is strictly positive for
all nonzero states, when V(x) > 0 and Vx # 0:

e V(x) < 0: The Lyapunov function's time derivative is negative semi-definite,
indicating that it either becomes smaller or stays the same over time.
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The definition of the sum of potential functions is:

V(x) =X Vi(x) (2)

Here, x is the system's state vector, V(x) represents the overall potential function, and i is the
potential function of each individual robot or agent.

The relationship between the system's state and the desired configuration or target
formation for each robot or agent i is captured by the potential function V_i(x). It measures
the state's departure from the target state, enabling the evaluation of the stability and
convergence characteristics of the entire system.

III. Theorem for Manifold Instability

The target formation and the set of nonrigid limit sets are the two parts that make up the
link dynamics' limit set. It is important to show that the vector field, which corresponds to
the right side of the link dynamics equation (3), points strictly away from the target
formation in order to prove that the target formation is not a positive limit set. To establish
a solid mathematical foundation for this idea, differential geometry might be used as the
language of expression.

We employ differential geometry techniques and examine the behaviour of the vector field
close to the target formation to quantitatively prove this concept. To pinpoint its direction in
relation to the target formation, we specifically look at the linearized vector field
surrounding it.

a. Mathematical Overflowing Invariance

Here, u signifies the control input, U is the set of permissible control inputs, x denotes the
state vector, u represents the control input, ®(x, u, t) represents the state trajectory
regulated by the system dynamics, and T is a finite time horizon.

Vx € ,3u € Usuchthat3I T > 0,®(x,u,t) € Qforallt > T (3)

According to the equation, there must be a control input from the set U such that, for some
positive time T, the state trajectory ®(x, u, t)remains within the set x for all t larger than or
equal to T. This is true for every state x that belongs to the set.

In control systems where restrictions on the state variables or system behaviour must be
upheld, the idea of overflow invariance is essential. Engineers can guarantee the system runs
within predetermined boundaries and stop undesired behaviour or constraint violations by
implementing control strategies that satisfy the overflow invariance property. Depending on
the specific system and application, the set's precise structure and definition, as well as the
permissible control inputs U, may change. An analysis and creation of control techniques that
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ensure the intended behaviour and adherence to restrictions can be done using the equation
above, which offers a broad formulation of the overflow invariance notion.

The linearization offers a decent approximation of the local behaviour for the nonlinear
vector field near the hyperbolic equilibria for autonomous vector fields. We can discuss the
findings that prove this assertion in terms of two-dimensional autonomous systems. We
explore vector fields that depend simply on the state variables and not explicitly on time
while researching two-dimensional autonomous systems. Commonly, a collection of linked
ordinary differential equations is used to model such systems. These systems' equilibria
correspond to locations where the vector field disappears, signifying a stable state.

dx/dt = f(x,y) (4)

dy/dt = g(xy) (5)

In this case, x and y stand in for the state variables, while f(x, y) and g(x, y) are the functions
that specify how quickly x and y change over time, respectively. The system explains the
dynamics of a two-dimensional autonomous system, where x and y values change in
accordance with the provided f and g functions. By investigating the characteristics of these
functions and their interactions, the behaviour of the system may be examined.

Let the flow produced by the vector field specified in equation be denoted by the
symbol ¢t(-). Assume that the vector field's hyperbolic equilibrium point is at (x0, y0), in
which case the Jacobian matrix's two eigenvalues are:

[ d
a_j(fl?oayo) '_3§($0:y0)

d o,
%(%ay{]) %(%a%)

Where,

Assume that the vector field's (x0, y0) hyperbolic equilibrium point is the source for the
linearized vector field, and that the eigenvalues of the Jacobian matrix there have positive
real components.

Assume that the vector field's (x0, y0) hyperbolic equilibrium point is the sink for the
linearized vector field, which means that the eigenvalues of the Jacobian matrix there have
negative real portions.

Assume that the saddle for the linearized vector field is at (x0, y0), which is a hyperbolic
equilibrium point of the vector field where the eigenvalues of the Jacobian matrix have both
positive and negative real portions.

IV. Robotics and Control Systems
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There are many different ways and strategies used to control robots in the fields of robotics
and control systems. PID (Proportional-Integral-Derivative) control and LQR (Linear
Quadratic Regulator) control are two frequently utilised techniques that offer efficient
approaches to govern and optimise the behaviour of robotic systems. PID control is a
feedback control method that compares the system's intended output with its actual output
in order to continually calculate an error signal. The error signal is then subjected to
proportional, integral, and derivative terms to produce a control signal that modifies the
system's behaviour. Due to its efficiency, simplicity, and capacity to offer precise and
responsive control, this method is commonly employed. The use of cruise control in
automobiles is an illustration of PID control in robotics.

{ K, |

= e(t) .! K; [ e(t) : Process > C(t)

r(t)

.' Kp 5 (t)

Figure 2: PID controller for robot

On the other hand, LQR control is a method of optimal control that seeks to minimise a cost
function while satiating the dynamics and constraints of the system. It computes feedback
gains using a linear model of the system to produce the best possible control actions.
Designing reliable and high-performance control systems makes use of LQR control
particularly well. It has uses in many different industries, including as robotics, aircraft, and
industrial automation. RFID (Radio Frequency Identification) technology is widely used in
control systems in addition to these control approaches. RFID allows for wireless
identification and communication, opening up access to control systems and streamlining
data transfer between parts. It offers a practical and effective technique to remotely monitor
and manage robotic devices.

The control systems themselves can be divided into two groups: open loop systems and
closed loop systems. An open loop system runs without feedback, therefore the system's
output or performance has no bearing on the control action. A timer-equipped electric
clothes drier is one illustration. The dryer runs for the duration you set it for, regardless of
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how clean or dirty the garments actually are. It is an open loop system because it doesn't
track the development or modify based on how dry the clothing are

A PID (Proportional Integral Derivative) controller, which combines three terms—
proportional, integral, and derivative is a typical feedback control technique. The difference
between a set point (SP), the desired value or reference, and a measured process variable
(PV), which indicates the actual value of the system being regulated, is used to change these
components.

e(t) =SP—-PV
Integral control equation for robot written as:
Intg = KIf tOe(t)dt
The controller by derivative as written as

KDde(t) KDdA(PV)
dt dt

Derivative =

The derivative of the error is swapped out for the derivative of the Process Variable (PV) to
prevent derivative kick when the setpoint is changed. This adjustment guarantees a
smoother reaction to abrupt changes in the setpoint.

The system input is then used as the controller output, represented as u(t). In terms of the
controller gain Kc, integral reset time I, and derivative time constant D, the parameters KP,
KI, and KD can be stated.

The proportional gain KP, which has a direct relationship to Kc, is unaltered. It establishes
the relationship between the fraction of error to control output.

The overall profit Kc / I, where I is the integral reset time, can be used to define KI. This
variable establishes the rate at which the cumulative error has an impact.

V. Conclusion

The use of Spectral Graph Theory for graph clustering and community detection has been
investigated in this paper. We have successfully partitioned the graph into discrete clusters
by examining the eigenvalues and eigenvectors of the graph Laplacian matrix, indicating
underlying community patterns. We have discovered via our research that Spectral Graph
Theory offers an efficient and potent paradigm for graph analysis. It enables us to get insights
into the connections and interactions between nodes by exposing hidden patterns and
structures in complicated networks. We have shown that Spectral Clustering methods, such
as Normalised Cut and Spectral Clustering using k-means, are capable of finding

4692 | Deepak Khantwal Analysis Of Differential Geometry For Robotics And
Control Systems



communities inside a given graph with high accuracy. In numerous real-world applications,
such as social network analysis, biological network analysis, and recommendation systems,
these algorithms have demonstrated promising outcomes.

Future Directions: Although our study has shed light on the use of Spectral Graph Theory for
graph clustering and community detection, there are still a number of directions that merit
additional investigation.

Algorithm Optimisation: Research is now being done to improve and scale existing Spectral
Clustering methods. It might be good to look into methods to increase the management and
computing effectiveness of large-scale graphs.

Robustness and Noise Handling: It is crucial to investigate ways to make Spectral Clustering
algorithms more resilient in the face of noise or outliers. Accuracy and reliability of
community detection can be increased by creating methods to deal with noisy data and
outliers.

Dynamic Graphs: A promising area for further study is the extension of Spectral Graph
Theory to dynamic graphs, where the network structure changes over time. It would be
beneficial to create algorithms that can adjust to changes in the graph topology and recognise
emerging communities.

Domain Knowledge: The findings of graph clustering can be more easily understood and
used when domain-specific knowledge and constraints are incorporated. The effectiveness
and usefulness of community recognition algorithms can be increased by looking into ways
to incorporate preexisting knowledge about the graph, such as node properties or edge
weights.

Applications in a Variety of disciplines: Applying Spectral Graph Theory to a variety of
disciplines and issues might produce fresh perspectives and business prospects. Its potential
in areas like bioinformatics, natural language processing, and image analysis can lead to new
directions for study and application.
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