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Abstract- The aim of the present paper is to introduce a generalized distribution series. Many interesting results using
this series and Dziok-Srivastava linear operator are obtained.
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I. INTRODUCTION :

Let A, denote the class of function f(z) of the form
f(z) =z° + X2, 187 (p EN={1,23,....}) (1.1)

which are analytic in the open unit disk U ={z:z € C and |z| < 1} and satisfy the normalization condition f
(0)=f'(0)-1=0.

Further let S, be the subclass of A, consisting of functions of the form (1.1) which are also multivalent
in U and also let T, be the subclass of S, consisting of functions of the form

f(z) = 2P — X2, 4187 (1.2)

Also suppose that
hy [(ag ); (Br);z] = 2P F (ay, ag, By -oe . B z)
o (Br) . i
=27 + 57 lBY G = 12 (13)
(Q<r+l;a;€ R;B, € R\ Z;; Z5 ={0,—-1,-2,..};i=1,..,q;k=1,..,r;z€eU)

where ,F, is the generalized hypergeometric function and

(@g).Br) . My (@) —p
B _ — Mi=1\")jp 1.4
p Y ) M =1Brdj—p G-p)! (14)

Corresponding to the function h,, [(@, ); (B, ); z] Dziok and Srivastava [4, p.3, Eq.(3)] introduced a linear
operator H,, [(a, ); (B, ); z] defined by the convolution

Hy [(aq ); (Br )i 2] =hy [(aq ); (Br); 2] *(2), (feT) (1.5)

Or equivalently by
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H, [(e, ) (B, )1 62) = 22 = 52y [BE 7 G = p)] ol (z€eU) (1.6)

Here * stands for the convolution of two analytic multivalent functions f and g of the form

f(z) = zP + X2, 4187 (1.7)
and
g(@) =7° + N, [by|7 (1.8)

and is defined by
(F*8) (2)=2° + XiZpiala][bj]Z (1.9)

The linear operator H, [(a, ); (B, )] f(z) includes various other linear operators considered earlier by Hohlov
[7], Carlson-Shaffer [2], Goyal and Bhagtani [6], Ruscheweyh [12] etc.

Next by using this operator we introduce the following classes of analytic functions:

Let T, (1,6) be the subclass of T, consisting of functions which satisfy the condition

z(Hy [(aq ); (Br )] £(2))’ } (1.10)

R
€ {u z(Hp [(aq ) (Br )1 £(2))'+(1 — W) Hp [(ag )i (Br)] £(2)
forsomep (0<spu<1),8(0<d<1)andforallze€ U.

Also, let C,(,6) denote the subclass of T, consisting of functions which satisfy the condition

(Hp [(ag); (Br)]f()) +z(Hp [(ag ); (Br )] f(2)" }
Re {(Hp [(ag % (Br)1 £(2)) +nz (Hy [(aq )i (Br)1 ()" 8 (1.11)
for somep (0<pu<1),6(0<d<1)andforallzeU.
From (1.10) and (1.11) it is easy to verify that
H, [(aq ); (B, )1f(z) € C,(8) < z(H, [(aq ); (B, )] f(2))" €T, (1d) (1.12)

It is worthy to note that T, (0,8) = T, (6), the class of starlike multivalent functions of order § (0 <6 < 1)
and C, (0,8) = C, (8), the class of convex multivalent functions of order § (0 < § < 1).

For p=1,q=1= a4,r =0 the obtained reduced classes (for univalent functions) T (,6) and C (,8) were
extensively studied by Altintas and Owa [1] .

Further T (0, §) = T* (8), the class of starlike univalent functions of order 6 (0 <& < 1) and C(0, §) = C(6), the
class of convex univalent functions of order 6 (0 < 8§ < 1) . The classes T* (6) and C (8) were introduced by
Silverman [14 ] and he also obtained coefficient inequalities for these classes.

Letseries S =}/, tj is convergent where t; =0, j=0,1,2,......

Now, the probability mass function of the generalized distribution is given as

pG)=2,j=012,.... (1.13)

Here p (j) is probability mass function

p()=0and};p, =1

Now we introduce the series

7(2) = X% g Bp(aq)y(ﬁr)(i) 7 (1.14)
where
Bp(aq ):(ﬂr)(]) _ (a1)j(a2)j ......... (aq)j (115)

(B1); (B2)j v Br)j G
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(@<r+l;a; € R;B € R\ Z5; Z5 ={0,-1,-2,.};i=1,.,q;j=1,..r;z€ )
The series given by (1.14) is convergent for |z| < 1 and for |z| = 1, it is also convergent.
We introduce the generalized distribution series as

Kop(z) =20 + 52, L2 2 (1.16)
Further we define

T K@) =220 = Kp(2) =28 =5, 2 2 (1.17)
Now a convolution operator T K. p (f, z) for function f(z) of the form (1.2) as follows

T Ky (f2) = TKep(@2) < f(2) =28 = 52 e L2 2 (1.18)

Eminent authors (see [2,3,5,8,9,11,13,14] ) have used the hypergeometric functions on different subclasses of
analytic functions . In this article, we give the similar conditions for T(s, N, t, z p) defined by the
hypergeometric distribution belong to the T, (1,8) and C, (,6).

To characterize our main results, we will require the following theorems:

I1. COEFFICIENT INEQUALITIES

Theorem 2.1. A function f(z) of the form (1:2) is in the class T, (1,8) ifand only if
o) . . '(ﬁr) .
Y gl — S — 8+ 8y [;(,aq) G = »]1|a;| <lp — dup — +5u] (2.1)

The result (2.1) is sharp.

Proof. Suppose that f(z) €T, (1,6). Then we have from (1.10) that

Re{ z(H, [(aq )i (B )1 f(2)) }>8
uz(Hy, [(aq); (BH1f(2))" + (1 — W H,, [(ag); (B, )]f(2)
o . (aq)'(ﬁr) . ailzi—P
Re{ P=¥=p+1 I[én ((i )”’()[]l)f |' ' ]>6 (2.2)
LHn(p-1D-E72, 41 (i+1-w)B, ¥ G —p)laj |2/ P

If we choose z real and let z— 17, we get

) o (ag) . (B7) .

5% 1 JIB g
Rej—Heet ot (2:3)
Lu(p—1=%72, 11 (Wj+1-1)[B, G)1lay]

which is equivalent to desired result ( 2.1).
Conversely, suppose that (2.1) holds true. Then, adding
: (Br) .
~[p —3up — & + p3] Z W +1-wB G = p)fa] +uep - 1)
j=p+1
to both sides of (2.1), we obtain

—u(p—D[p—Sup — &+ pd] +
o 2 2 2 2 (aq) .(Br) /.
[Z52p+11(1 — pu+ 8pp? — 8pu?) — p(1 — 8 — p+ 8p?) + (Bp? — dp)] [B,, 4] —p)] |aj|<[p — Spp — 8 +
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3] [1 +up -1 —-¥%, 0 (W+1-
OB G~ )l ] 24

On the other hand, we see that

2(H, [(@y); (B, f(2))’ |
-lp-—=9 e}
w2, [(ay ) B D) + (L —w H, [(ag ) (B )16 P~ oup +oul
( q) (ﬁr) ijp
_ P32, 11718, ((; )pzﬁlr)l [ p—sup+ sl
THu(p=1-E, 41 (Wi+1-p)[B, G-p)l|aj|z~P

He-DIp—dup— 8+ +[272 41 §(1-p u+pdn?—5u?)—p(1—us—p-+5u?)+(5n2 -5 )][B(aq) B -p)l|a ]I

< (2.5)
[1+u(p D=5, 41 (W+1-p)[B ( @G pla, I]
It follows from (2.4) that the last expression in (2.5) is bounded above by
(p — 8up — & + 8). This implies that f(z) €T, (1,5)
Finally, taking the function
= o _ (p=up=8+8w) | p(ag) (Br) J (>

f(z) = 20 = PR G — )2l (j2p+1) (2.6)
we can show the result (2.1) is sharp.
Corollary 2.1 If f(z) €T, (w6), then

| < (pdup=8+50) rp(agq) () o
9| < T B G-pl (jZp+1) @2.7)

The equality in (2.7) holds for the function f(z) defined by (2.6).

Corollary 2.2 Taking p=1,q=1 = a4,r = 0 the above results get reduced to the results due to Altintas
& Owa [1,Theorem 1, pp.43].

Theorem 2.2 A function f(z) defined by (1.2) is in the class C,(,8) if and only if

187 = p)1|ey | < plp — Sup — 5 + Syl 2.8)

YiZp+1ili — 0w — 8+ 3p
The result (2.8) is sharp.
Proof. Note that H, [(a, ); (B, )] f(z) €C,(w,8) if and only ifz(H, [(a, ); (B, )] f(2))’ € T, (1.8)

Hence replacing @; by j ; in Theorem 2.1, we have the inequality (2.8).
Furthermore, the result (2.8) is sharp for the function
f(z) = 27 — R0 (el G0yl (2 p + 1) (29)

j(j—dpj—d+dw) - P

Corollary 2.3 If f(z) €C,(p,5), then
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(p—3up—3+3p) (Br) /. :
oy < Bt () ) (2 p+ 1) (2.10)

The equality in (2.10) holds for the function f(z) defined by (2.9).

Corollary 2.4 Taking p=1, q=1= a4, r = 0 the above results get reduced to the results due to Altintas &
Owa [ 1, Theorem 2, pp 45].

II1. MAIN THEOREMS
Theorem 3.1 Let T K, ,(z) thatis of the form (1.17) is in the class T, (1,8) iff

LA =80 7' () + {p(1 - 8) — 8(1 — WHr() — (0} < [p — 8up — § + 3]
(3.1)

Proof. Since we have defined

to_ )
T Kr,p (z)=2" — Z?ozp+1 % 7

according to the Theorem 2.1, we have to show that

i (1 — 8w — 8(1 — )]
S

B0,
[Bzfaq) G-p)|t—p <p—Sup—5+5u
j=p+1

Now
- [ - o) —8(1— «
Z i u)s( u)][BIEq).wT)(]._p)]g_p
j=p+1
A= X (G-} B G =) Yy a0 52, (B G - p) )y, - 801 -

W2 (B C0G -1,
A - a0z, J (B P(+pA - s TRy (B0 3 - s - wER, (871

% [(1 = 8w 7'(1) + {p(1 = 6w) = 6(1 — wWHz(1) — 2(0)}] < [p — dpup — & + 5]

Theorem 3.2 Let T K, ,(z) thatis of the form (1.17) is in the class C, (u,6) iff

A -80 7@+ B~ 264 - 87 W) + (1~ (D) ~ ()]
<plp —dup — 5+ dy] (3.2)

Proof: Since
ti_ .
T K‘[, p(z)= zP — Zf=p+1 %Z]

according to the Theorem 2.2, have to prove that

i (1=8p)=8(1—p)] JBr) .
Zf=p+1W[B£aq) U —p)]tj_p <pl[p —dup — 8+ dy]
Now

2965' Manita Bhagtani AN APPLICATION OF GENERALIZED DISTRIBUTION SERIES ASSOCIATED
WITH ANALYTIC MULTIVALENT FUNCTIONS



> LA = o) — 8(1 — «
Z jliC u)S (1-w] [B,g q).(/m(]._p)]
j=p+1
= Ha-awE,mG -G -2) B G -y, + G- 260-8) 520G - D (BIG -
Py + A= 8T (B G -p, |

ti_

J—p

=5 [ =8w 7' + B =281 - )T’ () + (1 = (D) ~ 7(0)}]
< plp — dup =5 + 8y

Iv. AN INTEGRAL OPERATOR

Here we introduce, an integral operator T G, , (2) as follows:
TGy =p J; TKT'T”(u)du (4.1)
and we get a necessary and sufficient condition for T G, (z) belonging to the class C(,8).

Theorem 4.1 If T K,,(z) is defined by (1.17) , then T G.,(z) defined by (4.1) is in the class C,(w,6) iff
(3.1) satisfies.

Proof. Since
T K‘r,p (Z) =zP — Z]Pip+1tj%p Zj
z uP-3%2 +1tj;puj

T G‘r,p (z)=p f() : i : du

=p[ fy uPldu — %%, fz J 2w/ ~1du]

=z° _Z;o=p+1j£5 tj—p 2

By Theorem (2.2), we have to prove that

Sy 1= 8 = 301 = wIB PG = p)I 2 b, < plp — Sup — 5+ 3]
or to prove that

S paali(1 = 31 — 8(1 — (B (““'(””0 ~ P2 -y <[p —Spp — 5+ 3]

Now X741 W[B(aq) B )]

_ l _ _ (aq) (Br) _ _ 0 (aq)'(/gr) P _
= ; [a-wELnG-p} |15, U=pPltp+pA-0w) X2, [B, U=pt—
5(1 - Pl) Z] =p+1 [B(aq) (ﬁr p)]

=1l - o)z (8 ” DI+ Z2ap@ -0 (B )1y~ 52,80 -w [BEP0)] g
=510 =807’ (W) + p(1 ~ 60) ~ 81 ~ WD) — 7(O)}] < [p — 5up — 8 + 3]

Corollary 4.1 Taking p=1,q=1=a;, r =0 theresults of Theorems 3.1, 3 .2 and 4.1 get reduced to the
results due to Porwal S. [10].
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