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Abstract. This paper aims at treating the Finite element method (FEM) for the discretization of elliptic Partial
differential equation (PDE) and focuses on FEM for solving two-dimensional Laplace equation in a sub-set of a square
domain.The idea is to use finite element spaces that are induced by triangulations of a square domain to discretize
the two dimensional elliptic Laplace equation on the surface. Then the two numerical solutions obtained by FEM
based on the number of finite elements are compared to check the accuracy of the developed scheme. The FEM
MATLAB Programming is used for the solution of two dimensional Laplace equations. Results are then compared
with the analytic solution to check the accuracy of the developed scheme.
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L INTRODUCTION

It is conventional to solve Laplace Equation [1] in two dimensions with Dirichlet conditions. The finite
element method (FEM), sometimes referred to as finite element analysis (FEA), is a computational
technique used to obtain approximate solutions of boundary value problems in engineering. Simply
stated, a boundary value problem is a mathematical problem in which one or more dependent variables
must satisfy a differential equation every where within a known domain of independent variables and
satisfy specific conditions on the boundary of the domain. Boundary value problems are also sometimes
called field problems.The Dirichlet and Neumann boundary value problems of Laplace equation are
included in advanced courses [2].Finite element methods use simple piecewise functions (e.g. linear or
quadratic) valid on elements to describe the local variations of unknown flow variables ¢. Two
dimensional Laplace equation with Dirichlet boundary conditions is a model equation for steady state
distribution of heat in a plane region [3]. Elliptic equations are governed by conditions on the boundary of
closed domain. We consider here one of the most commonly encountered elliptic equations, namely,
Laplace equation in the following form: u,, + u,, = 0.To solve the equation using Finite Element method,
boundary conditions are require, such as Dirichlet's boundary conditions or Cauchy’s boundary
conditions. For solving the Laplace equation, we consider the following Dirichlet’s boundary conditions
u=0,for0<x<2,y=0and0<y<2,x=0,

u=x,for0<x<1y=2

u=yfor0<y<1x=2,

u = 1, along the diagonal boundary.

The above considerable region is the sub-region of the square 0 < x < 2and 0 <y < 2.

We will solve the Laplace’s equation for this sub-region with the help of Finite Element Method. As a
result we obtain a set of algebraic equations for the unknown coefficients of the approximating functions
[4, 7].

1.2. Applications of the Finite Element Method

The finite element method can be used to analyze both structural and nonstructural problems. Typical
structural areas include

1. Stress analysis, including truss and frame analysis, and stress concentration problems typically
associated with holes, fillets, or other changes in geometry in a body, 2. Buckling, 3. Vibration analysis
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Nonstructural problems include 4. Heat transfer, 5. Fluid flow, including seepage through porous media,
6. Distribution of electric or magnetic potential

1.3 Defining the Sub regions

The choice of the geometry of the sub regions is influenced by the fact that a basis function will be defined
corresponding to each node; the minimization of the functional I[U]then involves the integrals of
products of partials derivatives of these basis functions. Triangular sub regions are convenient for several
regions. Triangles allow great flexibility in covering an irregularly shaped region. The use of triangular
sub regions also simplifies the computation of the basis functions and the coefficients in the linear
combinations of basis functions for the finite element solution of the PDE.In order to specify the sub
division of the region, we must know that the location of the nodes (which are the vertices of the
triangular sub regions) and also the definition of each triangular sub region in terms of the vertices that
defines the triangle. We also need to distinguish between the nodes on the boundary of the region and
interior nodes. As indicated above, we assume that there are m nodes, denoted V;, with nodesj = 1,...,n
in the interior of R is divided into p triangular sub-regions Ty, Ty, ..., T,,.
1.4. Defining the Basis Functions

We now assume that the basis functions ¢;.There is a basis function corresponding to each node. We
define ¢;has the following property:

¢; = 1atnode j

¢; = 0atnodek,j # k.

¢;is linear on each triangular sub-domain.

Thus, ¢;is piecewise planar. For each triangle that has node j as a vertex, we find a plane

z=a+ bx+ cy such that z=1 at node j and z = 0 at the other two vertices; it is zero on any sub-
domain that does not have node j as a vertex.

II. SOLUTION OF LAPLACE EQUATION USING FEM:

The region 0 < x < 2and 0 <y < 2, represents the square region and we consider a subset R of the
square0 < x <2and 0 <y < 2. The sub-regionR is decomposed into 14 triangular sub-regions,

designated T1, T, T3, e v eveoen, T13, T14. The  vertices of these regions are the nodes
Vi,Va, o v vo e, V11, V12,as shown in Figure 2.1.
Vi Vi
Ty Vs
Ty 13 | Tho
Vi, Vg
1/1
1
T,

Figure2.1.A subset of square, 0 < x <20 <y < 2.
There are four interior nodes V;, V,, V3, V,.The coordinates of the nodes are given in the matrix V. The
trianglesT, are defined by specifying the nodes indices of the three vertices of each triangle. Thus,
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rl 5 127

r1/2  1/27 1 5 6
1 1 1 2 6
3/2 1/2 1 2 12
1/2 3/2 3 2 6
0 0 3 6 7
1 0 3 7 8
V= 2 0 and T = 3 g 2
2 1 2 8 9
3/2 3/2 2 9 10
1 2 4 11 12
0 2 4 12 2
L 0 1 4 2 10
L4 10 11

2.1. Finding the Basis Functions:

We now find the twelve basis functions for the region Rdescribed in the figure 2.1.

There are twelve nodes and each node has a unique basis function

¢ forj=1,2,34,56,7,8,9,10, 11, 12; such that

¢; = 1atnode j

¢>j = (0 atnodek,j # k.

¢; is linear on each triangular sub-domain.

Thus, ¢;is piecewise planar. For each triangle that has node j as a vertex, we find a plane

z =a+ bx + cy such that z = 1 atnode j and z = 0 at the other two vertices; it is zero on any sub-
domain that does not have node j as a vertex.

The 1st Basis function:

¢>j = 1 atnode 1 and ¢; = 0 at nodes 2,3,4,5,6,7,8,9,10,11,and 12. On T;, ¢; is determined by nodes

1,5,and 12;i.e.,at (1/2,12),(0,0), and (0,1).
1 1

1 =a+5b+§c,0=a+0b+Oc,and0=a+0b+c

=>a=0b=2andc =0.

OnT,, ¢, is determined by nodes 1,5,and 7;i.e., at (1/2,1/2), (0,0) and (1,0).
1 1

1 =a+§b+5c,0=a+0b+00,and0 =a+b+0c

=>a=0b=0andc=2

OnT3, ¢4 is determined by nodes 1,2,and 6;i.e., at (1/2,1/2),(1,1)and(1,0).

1=a+%b+%c,0=a+b+c,and0=a+b+0c
=>a=2b=-2andc = 0.
OnT4, ¢, is determined by nodes 1,2,and 12;i.e., at
(1/2,1/2),(1,1), and (0,1).
1=a+%b+%c,0=a+b+c,and0=a+0b+c

= a=2b=0,andc = —2.
Since node 1 is not corner of triangles Ts, T6' T7, T8' Tg, TlO' Tll' T12, T13, T14. Thus

Table 2.1.Basis Function for first Node

1st basis function T T T3 Ty

H 2 2y 2-2x 2-2y
Ts Te T7 Tg Tg

0 0 0 0 0

T10 Ti1 T12 Ti3 Tia

0 0 0 0 0

The 2rdBasis function:
¢, = 1 atnode 2
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and ¢, = 0 atnodes 1,3,4,5,6,7,8,9,10,11, and 12.OnT3, ¢,is determined by nodes 1,2,and 6;i.e., at (1/
2,1/2),(1,1),and(1,0).

1 1
0=a+5b+zc,1=a+b+c,and0=a+b+0c

>a=-1,b=1andc =1.
On T4, ¢,is determined by nodes 1,2,and 12;i.e.,
at(1/2,1/2),(1,1), and(0,1).

1 1
O=a+§b+§c,1=a+b+c,and0=a+0b+c

>a=-1,b=1andc =1.
OnTs, ¢, is determined by nodes 2,3,and 6;i.e.,
at (1,1),(3/2,1/2),and(1,0).

3 1
1=a+b+c,0=a+§b+§c,and0=a+b+00

>a=1b=-1andc =1.
OnTg, ¢, is determined by nodes 2,3,and 8; i.e.,
at (1,1), (3/2,1/2)and (2,1).

3 1
1=a+b+c,0=a+§b+§c,and0=a+2b+c

=>a=1b=-1andc = 1.
OnTy, ¢, is determined by nodes 2,8,and 9;i.e.,
at (1,1),(2,1)and (3/2,3/1).

3 3
1=a+b+c,0=a+2b+c,and0=a+§b+zc

>a=3b=-1andc = —1.

OnTyg, ¢,is determined by nodes 2,9,and 10;i.e., at (1,1), (3/2,3/2),and(1,2).
3 3

l1=a+b+c0 =a+§b+—c,and0=a+b+26

2
>a=3b=—-1andc = —1.

OnTy,, ¢,is determined by nodes 2,4,and 12;i.e., at (1,1), (1/2,3/2),and(0,1).
l=a+b+c0 =a+%b+;c,and0=a+0b+c

=>a=1b=1andc = -1

On Ty3, ¢, is determined by nodes 2,4,and 10;i.e., at (1,1), (1/2,3/2),and(1,2).
l1=a+b+c0 =a+%b+%c,and0=a+b+26

>a=1b=1andc = —1.

Since node 2 is not corner of triangles Ty, T,, Ty, T7, T11, T14.Thus

Table 2.2.Basis Function for first Node

2nd basis function L] T2 T3 Ty

1) 0 0 —1+x+y —1+x+y
Ts Ts T Tg Ty
1-x+y 0 0 1-X+Yy 3-x—y
Tio T 12 T3 T4
3-x-y 0 1+x-y 1+x-y 0

The 3rd Basis function:
¢3 = 1latnode 3

and ¢3 = 0 atnodes 1,2,4,5,6,7,8,9,10,11, and 12. On TS, ¢is determined by nodes 2,3,and 6;i.e.,
at (1,1), (3/2,1/2),and(1,0).

0O=a+b+c1 =a+;b+%c,and0=a+b+06

=>a=-2,b=2andc = 0.

OnTG, ¢5is determined by nodes 3,6,and 7; i. e.
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3

at 22—1 ,(1,0),and(2,0).

3 1
1=a+zb+zc,0=a+b+0c,
and0 =a+ 2b + Oc

=a=0,b=0andc = 2.

On T7 y 3is determined by nodes 3,7,and 8;i.e.,

at (3/2,1/2),(2,0),and(2,1).

1 =a+§b+%c,0=a+2b+0c,and0=a+2b+c
>a=4b=-2andc =0.

OnTg, ¢3is determined by nodes 2,3,and 8;i.e., at (1,1), (3/2,1/2),and(2,1).

3 1
1=a+b+c,1=a+§b+zc,and0=a+2b+c

=>a=2,b=0,andc = —2.
Since node 3 is not corner of triangles Ty, T,, T3, Ty, T, T1o, T11, T12, T13, T14-Thus

Table 2.3.Basis Function for first Node

3rdbasis function T T2 T3 Ty
[ 0 0 0 0
Ts Ts Tz Tg To
—2+2x 2y 4-2x 2-2y 0
T10 T11 Ti2 Ti3 Tia
0 0 0 0 0

The 4th Basis function:
¢4 = 1 atnode 4,
and ¢, = 0 atnodes 1,2,3,5,6,7,8,9,10,11, and 12.

OnTll, ¢4is determined by nodes 4,11,and 12;i.e.,

at (1/2,3/2),(0,2),and(0,1).

1 =a+%b+§c,0=a+0b+20,and0=a+0b+c
=a=0,b=2andc=0.

On le, ¢,4is determined by nodes 2,4,and 12;i.e.,

at (1,1),(1/2,3/2),and(0,1).

0O=a+b+c1 =a+%b+%c,and0=a+0b+c
>a=-2,b=0,andc = 2.

OnT13, ¢4is determined by nodes 2,4,and 10; i.e.,

at (1,1), (1/2,3/2),and(1,2).

0O=a+b+c1 =a+%b+;c,and0=a+b+20
=>a=2,b=-2andc = 0.

OnT14, ¢,4is determined by nodes 4,10,and 11;i.e.,

at (1/2,3/2),(1,2),and(0,2).

1 =a+%b+;c,0=a+b+2€,and0=a+0b+20

>a=4b=0andc = —-2.
Since node 4 is not corner of triangles Ty, Ty, T3, Ty, Ts, Tg, T7, Tg, Ty, T1o- Thus
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Table 2.4.Basis Function for first Node

4thhasis function T T2 T3 T4

@ 0 0 0 0

Ts Ts Tz Tg To

0 0 0 0 0

T10 T11 T12 T13 Tia

0 2x —2+2y 2-2x 4-2y

The 5t Basis function:

¢s = 1 atnode 5,

and ¢ = 0 atnodes 1,2,3,4,6,7,8,9,10,11, and 12.
OnTl, ¢sis determined by nodes 1,5,and 12;i.e.,

at (1/2,1/2),(0,0),and(0,1).

1 1
0=a+zb+zc,1=a+0b+Oc,and0=a+0b+c

>a=1b=-1andc = —1.
OnT,, ¢sis determined by nodes 1,5,and 6; i.e.,

at (1/2,1/2), (0,0),and(1,0).

1 1
0=a+§b+§c,1=a+0b+0€,and0=a+b+0c

>a=1b=-1andc = —1.
Since node 5 is not corner of triangles T3, Ty, Ts, T¢, T7, Tg, Tg, T19, T11, T12, T13, T14-Thus

Table 2.5.Basis Function for first Node

Sthbasis function T T2 T3 Ty
& 1-x-y 1-x-y 0 0
Ts Ts T Ts E
0 0 0 0 0
T10 T11 T12 T3 Tia
0 0 0 0 0

The 6th Basis function:
¢¢ = 1 atnode 6,
and ¢¢ = 0 atnodes 1,2,3,4,5,7,8,9,10,11, and 12.

OnTZ, ¢¢is determined by nodes 1,5,and 6;i.e.,
at(1/2,1/2),(0,0),and(1,0).
0=a+%b+%c,0=a+0b+00,and1=a+b+0c
>a=0b=1andc = —1.

On'T,, ¢4is determined by nodes 1,2,and 6; i. e.

,at (1/2,1/2),(1,1),and(1,0).
0=a+%b+%c,0=a+b+c,and1=a+b+Oc
>a=0b=1andc = —1.

On T5, ¢¢is determined by nodes 2,3,and 6;i.e.,

at (1,1), (3/2,1/2),and(1,0).

0=a+b+c0 =a+§b+%c,and1 =a+b+0c
=>a=2b=-1andc = —1.

OnT6, ¢¢is determined by nodes 3,6,and 7; i.e.,

at (3/2,1/2),(1,0),and(2,0).

0 =a+;b+lc,1 =a+b+0cand0 =a+ 2b+ 0c

2
>a=2b=-1andc = —-1.

1295 | Md. Abdul Mannan A Study of Finite Element Method for Laplace Equation



Since node 6 is not corner of triangles Ty, Ty, T7, Tg, To, T1¢, T11, T12, T13, T14-Thus

Table 2.6.Basis Function for first Node

6th basis function T T2 T3 Ty
. 0 x—y x—y 0
Ts Ts Tz Tg Tg
2—-x-y 2—X-Yy 0 0 0
T10 T11 T12 T3 Tig
0 0 0 0 0

The 7th Basis function:

¢, = 1 atnode 7,

and ¢, = 0 atnodes 1,2,3,4,5,6,8,9,10,11, and 12.
OnTG, ¢-is determined by nodes 3,6,and 7; i.e.,

at (3/2,1/2), (1,0),and(2,0).

3 1
0=a+§b+§c,0=a+b+0c,and1=a+2b+Oc

=>a=-1,b=1andc = —1.
On'T,, ¢,is determined by nodes 3,7,and 8; 7. e.,

at(3/2,1/2),(2,0),and(2,1).

3 1
0=a+5b+56,1=a+2b+0€,and0=a+2b+c

>ag=-1,/=1and ¢c = —1.
Since node 7 is not corner of triangles 77, 75, 73, 74, 75, 75, 79, 719, 711, 712, 713, 7'14-Thus

Table 2.7.Basis Function for first Node

7thbasis function T T2 T3 T4
&7 0 0 0 0
Ts Ts T7 Tg Tg
0 —1+Xx-y —1+Xx-y 0 0
Tio T 12 T3 Tia
0 0 0 0 0

The 8th Basis function:
¢g = 1 atnode 8
and ¢g = 0 atnodes 1,2,3,4,5,6,7,9,10,11, and 12.

On T7 , ¢gis determined by nodes 3,7,and 8; i.e., at (3/2,1/2), (2,0),and(2,1).

3 1
0=a+5b+§c,0=a+2b+06,and1=a+2b+c
=>a=-2,b=1andc = 1.
OnTg, ¢gis determined by nodes 2,3,and 8;i.e., at (1,1), (3/2,1/2),and(2,1).

3 1
0=a+b+c,0=a+5b+5c,and1=a+2b+c
>a=-2,b=1andc =1.
On'Ty, ¢gis determined by nodes 2,8,and 9; i.e., at (1,1), (2,1),and(3/2,3/2).

3 3
0=a+b+c,1=a+2b+c,and0=a+§b+—c

2
=>a=0b=1andc=-1.
Since node 8 is not corner of triangles Ty, T,, T3, Ty, Ts, T, T7, Tg, T10, T11, T12, T13, T14-Thus

Table 2.8. Basis Function for first Node

8thbasis function T T T3 Ty
) 0 0 0 0

Ts Ts Ty Tg Ty

0 0 —2+X+Yy —2+X+Yy X—y
Tig Ti1 T2 = T4
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0 0 0 0 0

The 9th Basis function:
¢9 = 1 atnode 9
and ¢ = 0 atnodes 1,2,3,4,5,6,7,8,10,11, and 12.

On T9, ¢qis determined by nodes 2,8,and 9; i.e., at (1,1), (2,1),and(3/2,3/2).

3 3
0=a+b+c,0=a+2b+c,and1=a+§b+§c
>a=-2,b=0,andc = 2.

OnTlo, ¢ois determined by nodes 2,9,and 10; i.e., at (1,1), (3/2,3/2),and(1,2).

3 3
0=a+b+c,1=a+§b+§c,and0=a+b+20

>a=-2,b=2andc =0.
Since node 9 is not corner of triangles Ty, T,, T3, Ty, Ts, Ts, T7, Tg, T11, T12, T13, T14- Thus

Table 2.9.Basis Function for first Node

9thbasis function T T2 T3 Ty

1) 0 0 0 0

Ts Ts T, Tg Ty

0 0 0 0 —2+2y
T10 T T12 T3 Ti4
—2+2X 0 0 0 0

The 10t Basis function:
¢10 = 1 atnode 10
and ¢ = 0 atnodes 1,2,3,4,5,6,7,8,9,11, and 12.

OnTlO, ¢10is determined by nodes 2,9,and 10;i.e., at (1,1), (3/2,3/2),and(1,2).

3 3
0=a+b+c,0=a+5b+§c,and1=a+b+2c
>a=0b=—-1andc =1.
OnT13, ¢1ois determined by nodes 2,4,and 10;i.e., at (1,1),(1/2,3/2),and(1,2).

1 3
O0=a+b+c0 =a+§b+§c,and1 =a+b+2c
=>a=-2,b=1andc = 1.
OnT14, ¢10is determined by nodes 4,10,and 11;i.e.,at (1/2,3/2), (1,2),and(0,2).

1 3
0=a+§b+5c,1=a+b+2c,and0=a+0b+2c

>a=-2,b=1andc =1.
Since node 10 is not corner of trianglesTy, T,, T3, Ty, Ts, Ts, T7, Tg, To, T11, T12.Thus

Table 2.10.Basis Function for first Node

10thbasis function T T2 T3 Ty

ho 0 0 0 0

Ts Tg T7 Tg Tg

0 0 0 0 0

T10 T T12 T3 Ti4
—X+Yy 0 0 —2+X+Yy —2+X+Yy

The 11t Basis function:
¢11 = 1atnode 11
and ¢1; = 0 atnodes 1,2,3,4,5,6,7,8,9,10, and 12.

OnTll, ¢4, is determined by nodes 4,11,and 12;i.e.,at (1/2,3/2),(0,2),and(0,1).

1 3
0=a+5b+§c,1=a+0b+26,and0=a+0b+c
>a=-1,b=-1andc = 1.

OnT14, ¢11is determined by nodes 4,10,and 11;i.e.,at (1/2,3/2), (1,2),and(0,2).
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1 3
0=a+5b+zc,0=a+b+2aand1=a+0b+20

>a=-1,b=—-1andc = 1.
Since node 11 is not corner of triangles Ty, Ty, T3, Ty, Ts, Ts, T7, Tg, To, T19, T12, T13.Thus

Table 2.11.Basis Function for eleventh Node.

11tbasis function T T2 T3 Ty

A 0 0 0 0

Ts Ts T7 Tg Tg

0 0 0 0 0

T10 T11 Ti2 T3 Tia

0 —1-X+Yy 0 0 —1-X+Yy

The 12t Basis function:
¢1, = 1 atnode 12
and ¢, = 0 atnodes 1,2,3,4,5,6,7,8,9,10, and 11.

OnTl, ¢4, is determined by nodes 1,5,and 12;i.e.,at (1/2,1/2),(0,0),and(0,1).

1 1
0=a+§b+§c,0=a+0b+Oc,and1=a+0b+c
>a=0b=-1andc =1.
OnT4, ¢121s determined by nodes 1,2,and 12;i.e.,at (1/2,1/2), (1,1),and(0,1).

1 1
0=a+§b+§c,0=a+b+c,and1=a+0b+c
=>a=0b=-1andc = 1.
OnTll, ¢4, is determined by nodes 4,11,and 12;i.e.,at (1/2,3/2),(0,2),and(0,1).

1 3
0=a+§b+§c,0=a+0b+26,and1=a+0b+c
>a=2b=-1andc = —-1.
Onle, ¢1,1s determined by nodes 2,4,and 12;i.e., at (1,1), (1/2,3/2),and(0,1).

1 3
0=a+b+c,0=a+5b+zc,and1=a+0b+c

=>a=2b=-1andc = —1.
Since node 12 is not corner of triangles T,, T3, Ts, T, T, Tg, To, Ty, T13, T14-Thus

Table 2.12.Basis Function for first Node

12tbasis function T T2 T3 Ty

h2 —X+Yy 0 0 —X+Yy
Ts Ts Tz Tg Tg

0 0 0 0 0

T10 T11 T2 T3 Tig

0 2-x—y 2—Xx-y 0 0

2.2. Computing the Coefficients of Basis Functions

Consider the solution U = ]111 ¢ ¢;.The coefficients ¢; for the basis functions that correspond to
boundary nodesj = 5,6,7,8,9,10,11,12; are chosen so that the solution satisfies the boundary conditions at
those nodes.

To find the coefficients corresponding to the interior nodes to the interior nodes i = 1,2,3,4;we must
minimize

fL{Uf + Uy }dxdy

For minimize % fori =1,2,3,4 (2.1)
Now, using the given Dirichlet boundary conditions, we obtain

UVs) =UWVe) =U1V;) =UWVyy) = U(Vz) = 0,and U(Vg) = U(Vy) = U(Vy) = 1.

Since we are looking for U = ¢y + ¢y + c3¢3 + c4pg + -+ .o .. .. + c1¢12;t0 satisfy the
boundary conditions, and because each ¢;is zero except at nodej,we must have
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CS =C6 =C7 =C11 =C12 =OandC8=C9=C10 =1
From equation (2.1), we get a system of linear equations

Ac=d (2.2)
where, 4 = [a;],1 <i,j < 4.

al] = ffR{[(pi]x[d)j]x + [¢i]y [¢]]y}dxdy (23)
c=[¢gld=[d];d; = _Z}is G by (2.4)
in which,for1 <i<45<j<12;

bl] = ffR{[(pi]x[(pj]x + [¢i]y [¢]]y}dxdy (25)

Suppose Ay,A;, A3, Ay, As, Ag, Ay, Ag, Ag, A1, A11, A12, A13, A1a, A1s, A, A17 and Ajg are the areas of the
triangles Ty, Ty, T3, Ty, Ts, Tg, T7, Tg, To, T19, T11, T12, T13 and Ty, respectively. Therefore the area of triangle T;
is

1 1/2 1/2
A; =05 0 1 || = 0.25,on simplification.
1 0 0

We observe that the sizes of all triangles are same, hence
A=A, =A3=A,=As=Ag=A;=Ag =Ag = Ay = A1y = A1 = A3 = Ay = 1/4
Fori =1,j = 1,we get from (2.3)

;= [[ 10110l + [91], 191),}dxdy
= || 119+ 10,1011,10
+|| I+ 91y 91 ddy +
+f LI+ 1)) dxdy
+[[ oo, + 1)) dxdy

T14

=ff {4+0}dxdy+ff {0 + 4} dxdy
T1 T2

+ffT3{4+O}dxdy+ffT4{0+4}dxdy

+0+0+0+0+0+0+0+0+0+0
=4ffT1 dxdy+4ffT2 dxdy+4ffT3 dxdy+4ffT4 dxdy

:4XA1+4XA2+4XA3+4XA4
=4x0254+4x%x0254+4x0.25+4x0.25
=4,

Fori =1,j = 2,we get from (2.3)

iz = [[ Ubi10a)e + 1), 2], txay

ffT (91102l + (911, 9], ) dxdy
f TZ{ P1lilpolx + [P1]y [D2]y} dxdy + -
ff {[$11c[#2)e + [¢1], [2],} dxdy

+ [ Gonllgal. + 10, 1621,

T14

:0+0+f &2+MdMy+J{0—ndmw+o
T3 T4

+0+0+4+0+0+0++40+0

=—2ff dxdy—fo dxdy
T3 Ta

=_2XA3_2XA4
=-2%x025-2x%0.25
= -1
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Fori =1,j = 3,we get from (2.3)
ay = f f (b11 (sl + [b1], 5], drdy
R

= fle{[¢1]x[¢3]x + (1], [¢3],} dxdy

" f | (i1l + [81]y 93]} dedy + -
o ffm{[%]x[%]x + [$1], (93], } dxdy
[ Ll + 162,160, dxa

T14
=0+0+04+04+0+04+0+04+0+0+0+0+0

+0
=0.
Fori =1,j = 4,we get from (2.3)

s = [[ @il 10+ 101), ], vy
o [ RCARCARPARTAR Y
3/ RCARARYCANIAREIE
. fT BB+ 1)y} dxdy
* ﬂ {[p1]x [Balx + [P1]y [pa],} dxdy

T14
=04+04+04+04+0+04+0+04+04+0+0+0+0

+0
= 0.
Fori = 2,j = 1,we get from (2.3)
ay = f f (6ol [d1x + [ba], [b1],} dxdy

R

= ffn{[d)z]x[cbl]x + (021, [91],} dxdy

¥ frz{[‘l’ﬂx[‘i’l]x + [¢2]y (1]} dxdy + -
- fﬁlz{[‘l’zh[%]x + [¢2]y [$1],} dxdy
" ﬂ {[B21c[p1]x + [D2ly [41],} dxdy

T14
:0+0+ﬂ {—2+0}dxdy+j {0—-2}dxdy+0+0
T3 Ty

+0+0+0+0+0+0+0+0
=-2 ffT3 dxdy—foT4 dxdy
2 XAy —2 XA,
—2x025-2x%x0.25

Fori = 2,j = 2,we get from (2.3)
= [[ 162121621, + 1621, 2], b axdy

- ff (bsls (b2l + [b2], [$2], ) dxdy

+ [ 921191 + 1921, 1921,y dxdy + -
T2

o jj (b2l [d2], + [b2], [$2], ) dxdly
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+[| tgadiiaal. + 921, 1021, ) dxay

T14

=0+0+J- {1+1}dxdy+J- {1+ 1}dxdy

T3 Ty

+f {1+1}dxdy+0
Ts

+f {1+ 1}dxdy+f {1+ 1} dxdy
Tg Ty

+f {1+1}dxdy+0
T10

+J- {1+ 1}dxdy+f {1+1}dxdy+0

T12 T13
=2]f dxdy+2ff dxdy+2ff dxdy
T3 Ta Ts
+2 fng dxdy + 2 ffT9 dxdy + 2 ffTw dxdy + 2 fleZ dxdy + 2 ffTB dxdy
=2XA3+2XA,+2XA5+2XAg+2XAg+2X A0 +2X A5 +2X A3

=2x%(0.25+0.25+0.25 + 0.25 4+ 0.25 + 0.25

+0.25 + 0.25)

= 4.
Fori = 2,j = 3,we get from (2.3)
@s = [[ (9211851, + 021, 93], dxdy

R

B ffn{[")z]x[%]x + [¢2], [¢3],} dxdy

" f TZ{W)Z]X[%L + [y [b3],} dxdy + -
- ﬂna{[‘pﬂx[‘f)ﬂx + [p2ly (3], } dxdy
# [ ol + a1, 102y axay

T1

=O+O+J {—2+O}dxdy+J {0 — 2} dxdy
T3 Ty

+f {—2+0}dxdy+0+0+j {0 —2}dxdy +0
Ts Tg
+0+0+0+0+0
=-2 ffTS dxdy — foTS dxdy
= —2 X A5 - 2 X A8
=—-2x0.25-2x%0.25
=-1.
Fori = 2,j = 4,we get from (2.3)
@ = [ 211041 + 1921, 94), )y

R

- f (bole[dal, + (2], [b4],} dxdy
+ | 18:1, 1041, + (9], 2] ) dxdy + -
ot [[ il + 121,101, dxay

T13

+ [ g, + 821, 041, dxdy

T14

=0+0+0+0+0+0+0+0+0+0+0
+f {0—2}dxdy+f {=2+0}dxdy+0
T12

T13

=-2ff, ~ dxdy— Z‘UTB dxdy
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=—2XA;; —2X A3
=—-2x%x0.25—-2x0.25
=—1.
Fori = 3,j = 1,we get from (2.3)

asn = [| (51l + 951, [0, dxdy

R

- leldal. + 1) L] ddy

’ f | (D)c[9)e + (93], [81],) dxdy + -
- ﬂm{[%]x[qﬁﬂx + [¢3ly [$1],} dxdy
" ff (@3] [D1]x + [¢3], [1],} dxdy

T14
=04+04+04+04+0+04+04+04+04+0+04+0+4+0

+0
= 0.
Fori = 3,j = 2,we get from (2.3)

a2 = f fR {[#3)[P2]x + [@3], [#2],} dxdy
= fle{[%]x[qbz]x + [¢3], [¢2],} dxdy
¥ f  [9sl[9z] + (93, [92]y} ddy + -
o ffm{[%]x[%]x + [P3], [¢2], } dxdy
+ f {[#3): (@] + [P3], [H2],} dxdy

T14

=0+0+f {—2+0}dxdy+f {0 —2}dxdy+0
T3 Ty

+0+0+0+0+0+0+0+0+0
=—2ffT3 dxdy—foT4 dxdy

:_ZXA3_2XA4
=—-2x0.25-2x%0.25
= -1

Fori = 3,j = 3,we get from (2.3)
ass = || f (b3 [ds]s + [ba, [ds], ) dxdy

=[] tosltoal. + 12031, dxay
o [[ asid. + i gal, vy +
o ICARCR AN TR R
o[ il + 1,102,y axay

T1

=O+O+0+0+ff {4 + 0} dxdy
Ts

+f {0+4}dxdy+f {4 + 0}dxdy
Te

Tz
+ﬂ{0+4}dxdy+0+o+o+o+o+o
Tg
=4ffTs dxdy+4ffT6 dxdy+4ffT7 dxdy+4ffT8 dxdy

=4 XA +4 XA +4 X A; +4 X Ag
=4x025+4x%x025+4x025+4x0.25

1302 | Md. Abdul Mannan A Study of Finite Element Method for Laplace Equation



=4
Fori = 3,j = 4,we get from (2.3)

= [[ (@al 10+ (@], 102, dxdy
- (b0l + 61l )
+ f TZ{[¢3]X[¢4]X + (@3], [Pal, } dxdy + -+
+ f fT 13{[qb3]x[qb4]x + [@3]y [@a], } dxdy
+[[ 6511041 + 16,1941, dxay

T14
=0+0+04+04+0+04+0+04+0+0+0+0+0

+0
= 0.
Fori =4,j = 1,we get from (2.3)

s = [ (2116l +9u], 191), ) dxdy
= || 10+ 6111, xay
+|| RUNCARCANCAB TR
+f 9Bl + (04l ) iy
+ [ gl + il [811,) dudy

T14
=04+04+04+04+0+04+04+04+04+0+0+0+4+0

+0
= 0.
Fori=4,j = 2wegetfr0m (2.3)
@i = || (18210621 + (941, 1921, ) dxdy

- el + [0l 921, dxdy
g/ RCARCARYCRNCRRELEEE
+] f (9oLl bal. + (9], (621, ) dxdy

f ([ Pae[b2) + [4], [02]),} dxdy

T14

=0+0+0+0+0+0+0+0+0+0+0
+f {2+0}dxdy+ff {0 —2}dxdy +0

T12 T13

= —fo dxdy—fo dxdy
T12 T13

=_2XA12_2XA13
=—-2x0.25-2x0.25
= -1
Fori =4,j = 3wegetfr0m (2.3)

Qg = f (bl b3l + (4], [b3], ) dxdy
- | fT (bale[dsl. + [ba], [$2],} dxdy
+| fT ([balu[dsls + [da], [a], ) dxdy + -
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ot ffr {[Palx[@3]x + [@4ly @3], } dxdy
+[[ dpig + 0,105, axay

T14
=04+04+04+04+0+04+04+04+04+0+04+0+0

+0
= 0.
Fori = 4,j = 4,we get from (2.3)

Qaq = f fR ([l [Pa)y + [Pal, [@4],} dxdy
= f fT 1{[¢4]x[¢4]x + (¢4l (@4l } dxdy
¥ f (DD + [83], [9a], }dady +
- f fT 13{[qb4]x[¢>4]x + [@aly[Pal, } dxdy
+ f f {[Balc[Palx + [Bal, [Pa],} dxdy

T14
=04+40+0+0+04+04+0+0+0+4+0

+f {4+ 0}dxdy+f {0 + 4} dxdy
T11 T12
+J. {4+ 0}dxdy+f {0 + 4} dxdy
T13 T14
=4 flel dxdy + 4 fleZ dxdy + 4 ffTB dxdy + 4 ffm dxdy
:4XA11 +4XA12 +4’XA13 +4XA14_
=4x0254+4x%x025+4x0.25+4x0.25
= 4.
Fori = 1,we get from (2.4)
d, = _Z}is Gibyj = —(csbis + cobig + c7b17 + cgbig + Cob1g + c10b110 + C11b111 + C12D112).
(2.6)
Since ¢5 = ¢4 = c; = ¢4 = ¢1; = 0,50 we only calculate the coefficients for b;g, b19, b11¢-
Fori =1,j = 8, we get from (2.5)

o = | f (bl [l + (1], [bs], ) dady
- f Ubele[bls + [ba], [bs], ) dudy

+| 1811, 1sl, + (6], el by + -
= f Ubi)e[bals + (b1, L], ) ddy
+ [ aenigele + 01, 190,y axay

T14

=0+0+0+0+0+0+0+0+0+0+0+0+0
+0
= 0.

Fori =1,j =9, we get from (2.5)

by = [[ (9110051 + B011, 61, Yty
- LIl + [91] 9ol sy
o [[ ao.1601. + 1901 ),y axay +--
+ﬂ {[p1]x [P0l + [@1], [0y} dxdy

T13
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4[| tgdtsl. + 811,151, dudy

T14
=04+0+04+04+0+04+0+04+0+0+0+0+0

+0
=0.
Fori=1,j = 10, we get from (2.5)

buao = ] (110l + B91], [9u0) ) dxdy
=1L}MJA¢mh+{¢ﬂﬂ¢mb}Mﬂy
-fL;MdA@dx+wﬂﬂ@dﬂ¢my+m
o f fT 1Bl + [l Lol dxdy
+[[ 601010l + 1641, 910), dxay

T14
=04+0+0+0+04+0+0+04+0+0+0+0+0

+0
= 0.
Hence the equation (2.6) becomes
dy =0.
Fori = 2, we get from (2.4)
d; = —Z}is Gbyj = —(csbas + Cobze + C7by7 + Cgbag + Cobyg + C1ob210 + C11D211 + C12D212).
(2.7)
Since ¢5 = ¢4 = ¢; = ¢11 = ¢33 = 0, so we only calculate the coefficients for byg, bag, b1
Fori = 2,j = 8, we get from (2.5)

hS:lLﬂ¢ﬂA¢df+wﬂﬂ¢gﬂdmw
= J] doatend + 621, 1001, sy
* ﬂTZ{[d’Z]x[‘i’B]x + (o], [Bs], } dxdy + -
. fT L ale + (8], ], Yxcy
+[[[ @9albole + 1621, 96), dxy

T14

=0+0+0+0+0+0+0+0+0+0+0+0+0
+0
= 0.

Fori = 2,j = 9,we get from (2.5)

by = || 19a1(s). + (2], 5],y

R

- | fT (b2l [dos + [d2], [bo], } drxdy
+ 121,16l + (6], 9n], by + -
ot [[ 1ol + 1821, 851,y dxdy

T13

+[| g0l + 921, 90), )y

T14

:0+0+0+0+0+0+0+0+ﬂ {0 — 2} dxdy
T9

+f {(—240}dxdy +0+0+0+0
T10

=-2 fng dxdy — foTm dxdy
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- —ZXAQ—ZXAlo
—-2%x0.25-2x0.25
—1.
Fori = 2,j = 10, we get from (2.5)

bato = f f (bal.[brols + [ba], [b1o], } drdy
ff (bal[brols + [da], [bro], } drdy

f (@2l + [92], [9uol, ) dxdy + -
ffT (621 [Bro] + [62], D10, } drdy
+ [ 1gadeinol. + (921, (910l ey

T14

=0+0+0+0+0+0+0+0+0+0+0+0+0

+0

= 0.
Hence the equation (2.7) becomes
d, =1.
For i = 3,we get from (2.4)
d3 = = Y25 ¢ bsj = —(Cshss + Cobsg + ¢7b37 + Cgbsg + Cobsg + C1obsig + C11b311 + C12b312)

(2.8)

Since ¢5 = ¢4 = ¢; = ¢11 = ¢12 = 0,50 we only calculate the coefficients for bsg, b9, b31-
Fori = 3,j = 8,we get from (2.5)

bso = f (#selbol + (93], [9s],} dxdy
= f fT 1{[¢>3]x[¢>8]x + (93], [hs], } dxdy
+f | UBalilfls + (03], [9aly ) dxdy + -
ff ([$31:[Bs]. + (b3, [sl, } dxdy
f {[d3)c[Ps]x + (D3], [@s], )} dxdy

T14

:0+0+0+0+0+0+ﬂ {—2 + 0} dxdy

+f {0—-2}dxdy+0+0+0+04+0+0
Tg

=2 dxdy—foT8 dxdy
:_ZXA7_2XA8
=—-2%0.25—-2x%0.25
=-1.
Fori = 3,j =9, we get from (2.5)

bis = [[ 10alilgal. + 93], 19s],} dxdy
- f | sl +185) 9ol xy
13 [RCRNCA R TANCAREIERS
+f (LBl + 193], 1)y
+ [ 1os1aiol. + @31, 90), ) dxdy

T14
=0+0+0+04+0+0+0+0+0+0+0+0+0
+0
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=0.
Fori = 3,j = 10, we get from (2.5)

baio = [[ (190l + 93], [duol, ) dxdy
- Uil + 5] ol dxdy
+] |19l + [l ddy + -
-+ (9aLeldol. + 93]y [l drcy
+ [ 1gsleinol. + @31, [#r0), ey

T14

=04+0+0+0+0+04+04+04+04+04+0+0+0

+0

= 0.
Hence the equation (2.8) becomes
d; = 1.
For i = 4,we get from (2.4)
dy = — Z}is Gibyj = —(Csbys + by + C7byy + Cgbyg + Cobag + C10b410 + C11D411 + C12b412)-

(2.9)

Since ¢5 = ¢4 = c; = ¢4 = ¢1, = 0,50 we only calculate the coefficients for b,g, bsg, b41¢-
Fori = 4,j = 8, we get from (2.5)

bes = [[ @elcLoule + 1041, )y
B ffn{[")ﬂx[%h + [pa]y [Bs],} dxdy
¥ fTZ{[d"*]x[‘pB]x + [¢aly [¢sly} dxdy + -
o f fT 13{[qb4]x[<i>8]x + [@aly [Pl } dxdy
+ [ @9udelool. + 04, [65],)

T14
=0+0+0+0+0+0+0+0+0+0+0+0+0
+0
= 0.

Fori =4,j =9, we get from (2.5)

bao = f fR ([@al[dols + [Paly [Bol,} dxdy
=[] toittost+ 11,1801, axa
* fTZ{[‘p‘*]x[d"?]x + [@4], (o], } dxdy + -
o ff%{[m]xm]x + [p4], [0, } dxdy
+ f f {[Bali[Bol + [@al, [Po],} dxdy

T14
=0+0+0+04+0+0+0+0+0+0+0+0+0
+0
=0.

Fori = 4,j = 10,we get from (2.5)
by = ff{[¢4]x[¢10]x + [¢aly (P10l } dxdy

R

- | fT (Dsle[brols + (0], [bro], ) dxdy
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+| {1801 (bule + [0l ol }dxdy + -
ot fT (bale[brols + [Ba], [bro], ) dxdy
+[| gl + (Bl [aly) dudy

T14
=04+0+04+0+0+04+04+04+0+0+0+0

+f {—2+ 0}dxdy + f {0 — 2} dxdy
T13 T14
=-2 ffm dxdy — fom dxdy
=—2XA;3—2XAy,
=—-2%0.25-2x0.25
=—1.
Hence the equation (2.9) becomes
dy =1.

Now putting the values of

11, A12, 13, A14, A21, Ap2, A23, A4, A31, A32, A33, A34, A41, 42,

Q43, A44, anddq, d,, d3, dy;in linear system (2.2), then we obtain the following equations
4ci—c; =0

—c1t+4c; —c3—c, =1

—c;+4c3=1

—Cy +4c, =1

Solving these we get, ¢; = 0.1154,c, = 0.4615, c3 = 0.3654, ¢, = 0.3654 (Approximation).

2.3. The solution of the potential function
Therefore, the approximate solution of the potential function is
U =0.1154¢; + 0.4615¢, + 0.3654¢3 + 0.3654¢, + g + P9 + Pyp.
This simplifies to
( 0.2308x onT;
0.2308y onT,
—0.2308 + 0.2308x + 0.4615y onT3
—0.2308 + 0.4615x + 0.2308y onT,
—0.2692 + 0.2692x + 0.4615y onTs
0.7308y on Ty
) —0.5385 + 0.2692x + y onT;
—0.8077 + 0.5385x + 0.7308y on Ty
—0.6154 + 0.5385x + 0.5385y onTy
—0.6154 + 0.5385x + 0.5385y on Ty,
0.7308x on Ty
—0.2692 + 0.4615x + 0.2692y on Ty,
—0.8077 + 0.7308x + 0.5385y on T3
—0.5385 + x + 0.2692y on Ty,
2.4. Finite Element MATLAB Program for the solution of the potential function
APPENDIX X:
X.1. MATLAB program for 2D Laplace equation using finite element method.
Result:
U=
0 0.2308 0
0 0 0.2308
-0.2308 0.2308 0.4615
-0.2308 0.4615 0.2308
-0.2692 0.2692 0.4615
0 0 0.7308
-0.5385 0.2692 1.0000
-0.8077 0.5385 0.7308
-0.6154 0.5385 0.5385
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-0.6154 0.5385 0.5385
0 0.7308 0

-0.2692 0.4615 0.2692
-0.8077 0.7308 0.5385
-0.5385 1.0000 0.2692

This tell us that the final solution is
0+ 0.2308x + Oy onT;

0+ 0x + 0.2308y onT,
—0.2308 + 0.2308x + 0.4615y onT;
—0.2308 + 0.4615x + 0.2308y onT,
—0.2692 + 0.2692x + 0.4615y onT;
0+ 0x + 0.7308y on Ty
—0.5385 + 0.2692x + y onT,
1—0.8077 + 0.5385x + 0.7308y onTg
—0.6154 + 0.5385x + 0.5385y on Ty
—0.6154 4+ 0.5385x + 0.5385y on Ty,
0+ 0.7308x + Oy on Ty
—0.2692 + 0.4615x + 0.2692y onT;,
—0.8077 + 0.7308x + 0.5385y on T3
—0.5385 + x + 0.2692y onTiy
The computed values at the nodes, U(x, y) can be found from these formulas, as shown in the following
table:

Table 2.13. the values of the potential function at the nodes

Node | X |Y |U Results from formula

1 1101154 T, T,, T3, 01Ty
212

2 1 |1 | 04615 T3, T4, Ts, Tg, To, Ty, T12, 07 Ty3

3 3| 1] 03654 Ts, Tg, T7, 01Ty
212

4 1| 3 | 03654 Ti1, T2, Ti3,01Toy
212

5 00 |0 TyorT,

6 1 /0 |0 T,,T3,Ts, 01rTg

7 210 |0 Ty, 01T

8 211 |1 T7,Tg, 01Ty

9 313 |1 TyorTy,
2 |2

10 1 (2 |1 Tig, T13, 07Ty

11 0 (2 |0 T1107Ty4

12 0|1 |0 Ty, Ta, Tyq, 01Ty,
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2.5. Finite Element MATLAB Program for plotting the solution PPENDIX X:
X.2. MATLAB program for plotting solution using finite element method.

Solution to Laplace equation using finite element.

I11. CONCLUSION

Our aim is to introduce the Finite-Element method for elliptic partial differential equations and
particularly to solve two dimensional Laplace equations with Dirichlet boundary conditions. The Finite-
Element method was chosen as an elliptic partial differential solver and so it fundamental was discussed.
Then the Finite-Element method was used to solve two dimensional Laplace equations with Dirichlet
boundary conditions for irregular shape. Then the accuracy of the developed scheme was shown on the
basis of the numbers of the elements. The Finite-Element method is flexibly applied to elliptic partial
differential equations and it can also be applied to parabolic and hyperbolic partial differential equations,
but the minimization procedure is more difficult. Many physical problems have boundary conditions
involving derivatives and irregularly shaped boundaries. The Finite-Element method includes the
boundary conditions as integrals in a functional that is being minimized, so the construction procedure is
independent of the particular boundary conditions of the problem.
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