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Abstract 

This paper provides the Bayes estimate ofscale parameterα of Generalized Compound 

Rayleigh distribution under the General Entropyloss function (GELF). Lindley 

approximation procedure gives the Approximate Bayes estimate of parameter β of 

Generalized Compound Rayleigh distribution under the GELF. We have done the 

numerical comparison of the Approximate Bayes estimator of model by using by R-

programming. 
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1.  INTRODUCTION 

The Generalized Compound Rayleigh Distribution is a special case of the three-parameter 

Burr type XII distribution(Dubey(1968)) with probability density function (p.d.f.) with 

re-parameterized γ   as   
1

γ
 

f(x; α, β, γ) =
α

γ
β

1

γx(α−1)(β + xα)−(γ+1) ;         x, α, β, γ > 0(1.1) 

with Probability Distribution Function 

  The symmetrical Loss function associates the equal importance to the losses due to 

overestimation and underestimation with equal  magnitudes however in some estimation 

problems such an assumption may be inappropriate Ferguson.(1967) 

     In many practical situations, it appears to be more realistic to express the loss in terms 

of the ration  
θ̂

θ
 . In this case Calabria and Pulcini (1994) points out that a useful 

asymmetric loss function is the Entropy loss   

L(δ) α [δP − p loge(δ) − 1    ; Where  δ =
θ̂

θ
(1.2) 

  And whose minimum occurs at θ̂ = θ where p>0, a positive error (θ̂ > θ) causes more 

serious consequences that a negative error and vice-versa. For small |p| value the 
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function is almost symmetric, when both θ̂ and θ  are measured in a logarithmic scale and 

approximately. 

L(δ) = b[δ − loge(δ) − 1];      b > 0;               Where  δ =
θ̂

θ
 (1.3) 

 

2.The Estimators 

Letx1 ≤ x2 ≤ ……… ≤ xnbe the n failures in complete sample case. Thelikelihood 

function is given by 

L(x|α, β, γ) = (
α

γ
)
n

Ue
−T

γ⁄  (2.1) 

Where 

T = ∑ logn
j=1 [1 +

xj
α

β
]andU = ∏

xj
α−1

β+xj
α

n
j=1  

from equation(2.1),the log likelihood function is  

Log L =  n logα +
n

γ
logβ − n logγ + (α − 1)∑ logxj

n
j=1 − (

1

γ
+                  1)∑ log(β +n

j=1

xj
α)(2.2) 

and differentiation of equation(2.3) with respect to α, β and γ yields the maximum 

likelihood estimators (MLE) of the parameters namely α̂MLE, β̂MLE and   γ̂MLE by using 

Newton Raphson Method. 

 

3.Approximate Bayes Estimator of the unknown parameters𝛃 

(Lindley(1980),Solimon(2001) 

The Joint prior density of the parameters α, β, γ is given by 

G(α, β, γ) = g1(α)g2(β)g3(γ|β) 

                   =
c

δΓξ
β−ξγξ+1exp [− (

γ

β
+

β

δ
)] (3.1) 

where 

g1(α) = c(3.2)  

g2(β) =
1

δ
e−

β

δ(3.3) 

g3(γ) =
1

Γξ
β−ξγξ+1e

−
γ

β(3.4) 

The Joint posterior combing the likelihood equation(2.1) and joint prior equation(3.1) is 

h∗(α, β, γ|x) =
β−ξγξ+1exp[−(

γ

β
+

β

δ
)].L(x|α,β,γ)

∫ ∫ ∫ β−ξγξ+1exp[−(
γ

β
+

β

δ
)].L(x|α,β,γ)dαdβdγγβα

(3.5) 

 

The Approximate Bayes Estimator is given by 

∪ (Θ) =∪ (α, β, γ)       (3.6) 

∪̂BS= E(∪ |x) =
∫ ∫ ∫ ∪(α,β,γ)G∗(α,β,γ)dαdβdγ

γβα

∫ ∫ ∫ G∗(α,β,γ)dαdβdγγβα

   (3.7) 

 

Lindley Approximation Procedure 
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The Bayes estimators  of a function μ = μ(θ, p) of the unknown parameter θ and p under 

squared error loss is the posterior mean 

μ̂BS = E(μ|x) =
∬ μ(θ,p)h∗(θ, p|x)dθdp

∬ h∗(θ, p|x)dθdp
(3.7a) 

The ratio of integrals in equation (3.7a) does not seem to take a closed form so we must 

consider the Lindley approximation procedure as 

E(μ(θ, p)|x) =
∫ μ(θ).e(l(θ)+ρ(θ))dθ     

∫ e(l(θ)+ρ(θ)).dθ
 (3.7b) 

    Lindley developed approximate procedure for evaluation of posterior expectation 

ofμ(θ). Several other authors have used this technique to obtain Bayes estimators (see 

Sinha(1986),Sinha and sloan(1988),Soliman(2001)).The posterior expectation of 

Lindley approximation procedure to evaluate of μ(θ) in equation(3.7a and 3.7b) under 

SELF, where whereρ(θ) = log g(θ) , and g(θ) is an arbitrary function of θ  and l(θ) is the 

logarithm likelihood function (Lindley (1980)). 

The modified form of equation (3.7) is given by 

E(∪ (α, β, γ|x) =∪ (Θ) +
1

2
[A(∪1 σ11 +∪2 σ12 +∪3 σ13) + B(∪1 σ21 +∪2 σ22 +∪3 σ23) +

P (∪1 σ31 +∪2 σ32 +∪3 σ33)] + (∪1 a1 +∪2 a2 +∪3 a3 + a4 + a5) + 0 (
1

n2)(3.8)Above 

equation is evaluated at MLE = (α̂, β̂, γ̂) 

where 

a1 = ρ1σ11 + ρ2σ12 + ρ3σ13 (3.9) 

a2 = ρ1σ21 + ρ2σ22 + ρ3σ23  (3.10) 

a3 = ρ1σ31 + ρ2σ32 + ρ3σ33(3.11) 

𝑎4 =∪12 𝜎12 +∪13 𝜎13 +∪23 𝜎23     (3.12) 

𝑎5 =
1

2
(∪11 𝜎11 +∪22 𝜎22 +∪33 𝜎33);   (3.13) 

And 

𝐴 = [𝜎11𝑙111 + 2𝜎12𝑙121 + 2𝜎13𝑙131 + 2𝜎23𝑙231 + 𝜎22𝑙221 +  𝜎33𝑙331](3.14) 

𝐵 = [𝜎11𝑙112 + 2𝜎12𝑙122 + 2𝜎13𝑙132 + 2𝜎23𝑙232 + 𝜎22𝑙222 +  𝜎33𝑙332](3.15) 

𝑃 = [𝜎11𝑙113 + 2𝜎13𝑙133 + 2𝜎12𝑙123 + 2𝜎23𝑙233 + 𝜎22𝑙223 +  𝜎33𝑙333](3.16) 

To apply Lindley approximation on equation (3.8), we first obtain 

𝜎𝑖𝑗 = [−𝑙𝑖𝑗𝑘]
−1

𝑖, 𝑗, 𝑘 = 1,2,3  , where 𝑙𝑖𝑗𝑘′𝑠 are the partial derivatives of 𝛼, 𝛽, 𝛾 of likelihood 

function. 

Likelihood function from equation (3.2) is  

𝐿 =
𝛼𝑛

𝛾𝑛 𝛽
𝑛

𝛾 ∏ 𝑥𝑗
𝛼−1𝑛

𝑗=1 ∏ (𝛽 + 𝑥𝑗
𝛼)

−(
1

𝛾
+1)𝑛

𝑗=1     ;  (𝑥, 𝛼, , 𝛾 > 0) 

Now 

𝐿𝑜𝑔 𝐿 = 𝑛 𝑙𝑜𝑔𝛼 − 𝑛𝑙𝑜𝑔𝛾 +
𝑛

𝛾
𝑙𝑜𝑔𝛽 + (𝛼 − 1) ∑ 𝑙𝑜𝑔𝑥𝑗 − (

1

𝛾
+ 1)𝑛

𝑗=1 ∑
𝑥𝑗

𝛼𝑙𝑜𝑔𝑥𝑗

𝛽+𝑥𝑗
𝛼

𝑛
𝑗=1 (3.17)  

The matrix of derivatives is given as 

[−𝑙𝑖𝑗𝑘] = − [

𝑙111 𝑙112 𝑙113

𝑙221 𝑙222 𝑙223

𝑙331 𝑙332 𝑙333

] (3.18) 
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=

[
 
 
 
 
 
 
2𝑛

𝛼3
− (

1

𝛾
+ 1) 𝜔133 , (

1

𝛾
+ 1) 𝜔123 −

𝛽

𝛾2
𝜔122

−2(
1

𝛾
+ 1)𝜔113 ,

2𝑛𝛾

𝛾𝛽3
− 2(

1

𝛾
+ 1) 𝛿13

𝑛

(𝛾𝛽)2
−

1

𝛾2
𝛿12

−2

𝛾3
𝜔11 ,

−2

𝛾3
(
𝑛

𝛾
− 𝛿11) , −

2𝑛

𝛾3
−

6𝑛 𝑙𝑜𝑔𝛽

𝛾4
+

6

𝛾4
𝛿10]

 
 
 
 
 
 

 

[−𝑙𝑖𝑗𝑘] = [
𝑀11 𝑀12 𝑀13

𝑀21 𝑀22 𝑀23

𝑀31 𝑀32 𝑀33

] 

 

[−𝑙𝑖𝑗𝑘]
−1

=
(𝐴𝑑𝑗𝑜𝑖𝑛𝑡 𝑜𝑓 [−𝑙𝑖𝑗𝑘])′ 

𝐷
 

[−𝑙𝑖𝑗𝑘]
−1

=

[
 
 
 
 
 
𝑌11

𝐷

𝑌12

𝐷

𝑌13

𝐷
𝑌21

𝐷

𝑌22

𝐷

𝑌23

𝐷
𝑌31

𝐷

𝑌32

𝐷

𝑌33

𝐷 ]
 
 
 
 
 

 

[−𝑙𝑖𝑗𝑘]
−1

   = [

𝜎11 𝜎12 𝜎13

𝜎21 𝜎22 𝜎23

𝜎31 𝜎32 𝜎33

]; (3.19) 

 

𝑨𝒑𝒑𝒓𝒐𝒙𝒊𝒎𝒂𝒕𝒆 𝑩𝒂𝒚𝒆𝒔 𝑬𝒔𝒕𝒊𝒎𝒂𝒕𝒐𝒓 

∪ (𝛼, 𝛽, 𝛾) =∪ 

∪̂𝐴𝐵= 𝐸(∪ |𝑥) 

evaluated from equation number and from joint prior density , we have 

𝐺(𝛼, 𝛽, 𝛾) = 𝑔(𝛼)𝑔2(𝛽)𝑔3(𝛾|𝛽) 

                   =
𝑐

𝛿𝛤𝜉
𝛽−𝜉𝛾𝜉−1𝑒𝑥𝑝 [−(

𝛾

𝛽
+

𝛽

𝛿
)]; 

𝜌 = 𝑙𝑜𝑔 𝐺 = 𝑙𝑜𝑔 𝐶 − 𝑙𝑜𝑔𝛿 − 𝑙𝑜𝑔⌈𝜉 + (𝜉 − 1)𝑙𝑜𝑔𝛾 − 𝜉𝑙𝑜𝑔𝛽 

−(
𝛾

𝛽
+

𝛽

𝛿
) (3.20) 

logG= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 − 𝜉𝑙𝑜𝑔𝛽 + (𝜉 − 1)𝑙𝑜𝑔𝛾 −
𝛾

𝛽
−

𝛽

𝛿
 

𝜌1 =
𝛿𝜌

𝛿𝛼
= 0(3.21) 

𝜌2 =
𝛿𝜌

𝛿𝛽
=

−𝜉

𝛽
+

𝛾

𝛽2 −
1

𝛿
(3.22) 

𝜌3 =
𝛿𝜌

𝛿𝛾
=

𝜉−1

𝛾
−

1

𝛽
(3.23) 

Using equation(3.14) to equation(3.19), we have 

𝐴 = [𝜎11𝑙111 + 2𝜎12𝑙121 + 2𝜎13𝑙131 + 2𝜎23𝑙231 + 𝜎22𝑙221 + 𝜎33𝑙331] 

= 𝜎11 (
2𝑛

𝛼3
− (

1

𝛾
+ 1)𝜔133) + 2𝜎12 (

1

𝛾
+ 1)𝜔123 + 2𝜎13 (

𝛽

𝛾2
𝜔122) + 2𝜎23 (−

𝜔14

𝛾2
)

+ 𝜎22 (−2 (
1

𝛾
+ 1) 𝜔113) + 𝜎33 (−

2

𝛾3
𝜔11) 
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=
1

𝐷
[𝑌11 (

2𝑛

𝛼3 − (
1

𝛾
+ 1)𝜔133) + 2𝑌12 (

1

𝛾
+ 1)𝜔123 + 2𝑌13

𝛽

𝛾3 𝜔122 − 2𝑌23
𝜔14

𝛾2 − 2𝑌22 (
1

𝛾
+

1)𝜔113 −
2

𝛾3
𝑌33𝜔11](3.24) 

𝐵 = [𝜎11𝑙112 + 2𝜎12𝑙122 + 2𝜎13𝑙132 + 2𝜎23𝑙232 + 𝜎22𝑙222 + 𝜎33𝑙332] 

= 𝜎11 (
1

𝛾
+ 1)𝜔123 + 2𝜎12 (−2(

1

𝛾
+ 1) 𝜔113) + 2𝜎13 (

−𝜔14

𝛾2
) + 2𝜎23 (

𝑛

(𝛾𝛽2)
−

1

𝛾2
𝛿12)

+ 𝜎22 (
𝑛

(𝛾𝛽)2
−

1

𝛾2
𝛿12) + 𝜎33 (

2

𝛾3
(
𝑛

𝛽
− 𝛿11)) 

=
1

𝐷
[(

1

𝛾
+ 1) 𝜔123𝑌11 − 4𝑌12 (

1

𝛾
+ 1)𝜔113 − 2𝑌13 (−

𝜔14

𝛾2
) + (𝑌22+2𝑌23) (

𝑛

(𝛾𝛽)2
−

1

𝛾2
𝛿12)

+ 𝑌33 (−
2

𝛾3
(
𝑛

𝛽
− 𝛿11))] 

          (3.25) 

𝑃 = [𝜎11𝑙113 + 2𝜎12𝑙123 + 2𝜎13𝑙133 + 2𝜎23𝑙233 + 𝜎22𝑙223 + 𝜎33𝑙333] 

= 𝜎11

𝛽

𝛾2
𝜔122 + 2𝜎12 (−

𝜔14

𝛾2
) + 2𝜎13 (−

2

𝛾3
𝜔11) + 2𝜎23

2

𝛾3
+ (

𝑛

𝛽
− 𝛿11)

+ 𝜎22 (
𝑛

(𝛾𝛽)2
−

1

𝛾2
𝛿12) + 𝜎33 (−

2𝑛

𝛾3
−

6𝑛 𝑙𝑜𝑔𝛽

𝛾4
+

6

𝛾4
𝛿10) 

=
1

𝐷
[
𝑌11𝛽

𝛾2 𝜔122 −
2𝑌12𝜔14

𝛾4 −
4𝑌13𝜔11

𝛾3 +
4𝑌23

𝛾3 (
𝑛

𝛽
− 𝛿11) + 𝑌22 (

𝑛

𝛾2𝛽2 −
1

𝛾2 𝛿12) + 𝑌33 (−
2𝑛

𝛾3 −

6𝑛 𝑙𝑜𝑔𝛽

𝛾4 +
6

𝛾4 𝛿10)]  (3.26) 

 

Now  

∪̂𝐴𝐵= 𝐸(∪ |𝑥) 

𝐸(∪ |𝑥) = 𝑢 + (𝑢1𝑎1 + 𝑢2𝑎2 + 𝑢3𝑎3 + 𝑎4+𝑎5)

+
1

2
[𝐴(𝑢1𝜎11 + 𝑢2𝜎12 + 𝑢3𝜎13) + 𝐵(𝑢1𝜎21 + 𝑢2𝜎22 + 𝑢3𝜎23)

+ 𝑃(𝑢1𝜎31 + 𝑢2𝜎32 + 𝑢3𝜎33)] + 0 (
1

𝑛2
) 

𝐸(∪ |𝑥) = 𝑈 + 𝜑1 + 𝜑2  (3.27) 

where 

𝜑1 = 𝑢1𝑎1 + 𝑢2𝑎2 + 𝑢3𝑎3 + 𝑎4 + 𝑎5 (3.28) 

𝜑2 =
1

2
[(𝐴𝜎11 + 𝐵𝜎21 + 𝑃𝜎31). 𝑈1 + (𝐴𝜎12 + 𝐵𝜎22 + 𝑃𝜎32). 𝑈2 + (𝐴𝜎13 + 𝐵𝜎23 +

𝑃𝜎33)𝑈3](3.29) 

evaluated at the MLE∪̂= (�̂�, �̂�, 𝛾)where 

𝑎1 = 𝜎11 + (
−𝜉

𝛽
+

𝛾

𝛽2
−

1

𝛿
)

𝑌12

𝐷
+ (

𝜉−1

𝛾
−

1

𝛽
)

𝑌13

𝐷
(3.30) 

𝑎2 = 𝜎21 + (
−𝜉

𝛽
+

𝛾

𝛽
−

1

𝛿
)

𝑌22

𝐷
+ (

𝜉−1

𝛾
−

1

𝛽
)

𝑌23

𝐷
(3.31) 

𝑎3 = 𝜎31 + (
−𝜉

𝛽
+

𝛾

𝛽2 −
1

𝛿
)

𝑌32

𝐷
+ (

𝜉−1

𝛾
−

1

𝛽
)

𝑌33

𝐷
 (3.32) 

𝑎4 =
𝑌12

𝐷
𝑈12 +

𝑌13

𝐷
𝑈13 +

𝑌23

𝐷
𝑈23(3.33) 
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𝑎5 =
1

2𝐷
(𝑌11𝑈11 + 𝑌22𝑈22 + 𝑌33𝑈33) (3.34) 

 

3.Approximate Bayes Estimator under General Entropy loss function(GELF) 

�̂�𝐴𝐵𝐸 = [𝐸ℎ (
1

𝜃
)]

−1

(3.35)    

Where; 

𝐸u(θ|x) =
∫α∫β∫γ

1

θ
G∗(α,β,γ)dαdβdγ

∫α∫β∫γG∗(α,β,γ)dαdβdγ
(3.36) 

The equation(3.36) isevaluated by method of Lindley approximation whose simplified 

from is equation no. replace θ by∪ (α, β, γ) in equation (3.27) 

 

Special cases– 

 

1.Approximate Bayes estimate of 𝛃 

∪̂ABE= [EU (
1

θ
)]

−1

(3.37) 

∪=
1

β
 

E = (
1

β
) + φ1 + φ2 

∪1=∪11=∪12=∪13= 0 

∪3=∪31=∪32=∪33= 0 

∪=
1

β
    ;  ∪2=

∂

∂β
(
1

β
) = −

1

β2
  ;    ∪22=

∂

∂β
(−

1

β2
) =

2

β3
   ;  ∪23=∪21= 0 

φ1 = −
1

β2
(2 (

−ξ

β
+

γ

β2
−

1

δ
)
Y22

D
+ (

ξ − 1

γ
−

1

β
)
Y23

D
) 

φ2 = −
1

2β2
(Aσ12 + Bσ22 + Pσ32) 

E(∪ |x) =
1

β
−

1

β2
[(

−ξ

β
+

γ

β2
−

1

δ
)
Y22

D
+ (

ξ − 1

γ
−

1

β
)
Y23

D
+

1

2
(Aσ12 + Bσ22 + Pσ32)] 

E(∪ |x) =
1

β
−

1

β2
∆5 

β̂ABE = β[1 − β−1∆5]
−1;at(α̂ML, β̂ML,γ̂ML) (3.38) 

Where 
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Δ5 = (
−ξ

β
+

γ

β2
−

1

δ
−

1

β
)
Y22

D
+ (

ξ − 1

γ
−

1

β
)
Y23

D

+
1

2
[
Y12

D
(
Y11

D
(
2n

γ3
− (

1

γ
+ 1) ω133) + 2

Y12

D
(
1

γ
+ 1)ω123 + 2

Y13

D

β

γ2
ω122

− 2
Y23

D

ω14

γ2
− 2

Y22

D
(
1

γ
+ 1) ω113 −

2

γ2

Y33

D
ω11)]

+
1

2

Y23

D
[
Y11

D
(
1

γ
+ 1)ω123 −

4Y12

D
(
1

γ
+ 1)ω113 −

2Y13

D

ω14

γ2

+ (
Y22 + 2Y23

D
) . (

n

γ2β2
−

1

γ2
δ12) +

Y33

D
(

2

γ3
(
n

β
− δ11))]

+
1

2

Y31

D
[
Y11

D

β

γ2
ω122 −

2Y12

D

ω14

γ4
− 4

Y13

D
ω11 +

4Y23

Dγ3
(
n

β
− δ11)

+
Y22

D
(

n

γ2β2
−

δ12

γ2
) +

Y33

D
(
−2n

γ3
−

6n logβ

γ4
+

6δ10

γ4
)] 

  (3.39) 

Simulations and Numerical Comparison 

The simulations and numerical calculations are done by using R Language programming 

and results are presented in form of tables in table (1). 

1. The Random variable of Generalized Compound Rayleigh Distribution is generated by 

R-Language programming by taking the values of the parameters  α, β, γ, taken as α = 0.8 

, β = 0.6 and γ = 0.9  in the equations[(3.2)-(3.4)] and equation(1.1). 

2. Taking the different sizes of samples n=10(10)80 with complete sample, MLE's, the 

Approximate Bayes estimator ,and their respective MSE's (in parenthesis) are obtained 

by repeating the steps 500 times, are presented in the table from (1), and parameters of 

prior distribution a =3 and b =4. 

 3. Table (1) also presents the MLE of parameter of β and Approximate Bayes estimator  

ofβunder  GELF (for α unknown) and their respective MSE's.  

 

Table (1) Mean and MSE'S of 𝛃  

(α = 0.8 , β = 0.6 and γ = 0.9  ) 

n 10 20 30 40 50 60 70 80 

�̂�𝐌𝐋 0.7900

455 

0.8812

54 

0.8812

54 

0.8987

499 

0.8996

584 

0.9990

011 

0.9988

845 

1.0107

432 

 [0.024

412] 

[0.025

874] 

[0.098

521] 

[0.002

354] 

[0.004

577] 

[0.004

663] 

[0.001

125] 

[0.001

021] 

�̂�𝐀𝐁𝐄 0.8845

165 

0.8845

165 

0.8787

745 

0.8874

512 

0.8889

547 

0.9700

411 

0.9859

874 

1.0357

951 

 [0.004

521] 

[0.003

208] 

[0.022

335] 

[0.012

547] 

[0.001

784] 

[0.005

412] 

[0.032

147] 

[0.032

587] 
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