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Abstract

In this paper Bayes estimate of Location parameter of Generalized Compound Rayleigh
distribution under the Quadraticloss function (QLF). With Lindley approximation
procedure we have obtained the Approximate Bayes estimate of Location parameter of
Generalized Compound Rayleigh distribution under the QLF. We have done the numerical
comparison of the Approximate Bayes estimator of model by using by R-programming.
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1. INTRODUCTION
The Generalized Compound Rayleigh Distribution is a special case of the three-parameter
Burr type XII distributionDubey(1968) with probability density function (p.d.f.)

1
fx; 0, B,) = 2pxV @ + x0T x a8,y > 0(11)
with Probability Distribution Function
1
Fx)=1—-(1-Bx%) v ; x, B,y > 0(1.2)

Quadratic Loss

A function defined as

L(6,0) = k(6 —0)" (1.3)

is called quadratic loss function such a loss function is widely used in most estimation
problems. If k is a function of the loss function is called the weighed quadratic loss
function. If k=1, we have

1(6,6) = (6-0)° (1.4

known as the Quadratic loss function (QLF). Under QLF, Bayes estimator is the posterior
mean.
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2.TheEstimators
Letx; < x, < ........ < x,be the n failures in complete sample case. Thelikelihood
function is given by

o

L(xloBy) = (;)n ve A2

where
L Loa—1
T = X, log [1 + X’?]andU = ]'[]-“=1X’—

e
B+X]

from equation(2.1),the log likelihood function is
Log L = nloga + %logB —nlogy + (a — 1) XL, logx; — G + 1) =1 log(B +

x;%)(2.2)

differentiating of equation(2.2) with respect to a, $ and y yields respectively and equating
to zero yields the maximum likelihood estimators (MLE) of the parameters namely Gy g,
BumLe andyyg -Applying the Newton-Raphson method @y and Py can be derived and
then from them Yy g can be obtained.

3.Approximate BayesEstimator of the unknownparametersa
(Lindley(1980),Solimon(2001)
The Joint prior density of the parameters «, 3, y is given by

G B,y) = g1(c)g2(B)gs(vIB)

= erz B4y  lexp [— (% + g)] (3.1)
where
g1(a) =¢(3.2)

1 _B
g.(B) = 5€ 5(3.3)

1 Y
g8:(Y) = By e B(3.4)
The Joint posterior combing the likelihood equation(2.1) and joint prior equation(3.1) is
B85+ exp|—(L+£) | Lagiapiy)
h* (a’ B; Y|§) = —EyE+1 [ (By 8[3] (35)
T g Jy B8v5+texp|~(F+5) | LxlwBy)dadBdy
The Approximate Bayes Estimator is given by
U (©) =V (a,B,y) (3.6)
B(U [x) = Iy Jg J, U@BY)G* (Biy)dadBdy
Iy Jg J, G*(@By)dadBdy
Lindley Approximation Procedure
The Bayes estimators of a function p = u(6, p) of the unknown parameter 6 and p under

Quadratic loss is the posterior mean

~ _ [l u®,p)h*(B, p|x)dedp
fias = Euls) == h*(6, plx)dedp

The ratio of integrals in equation (3.7a) does not seem to take a closed form so we must

OBS: (37)

(3.7a)

consider the Lindley approximation procedure as
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[ u(e). (1(®)+p(8)) 4
E(n(,p)|x) = [ (©®+6®) gp (3.7b)

Lindley developed approximate procedure for evaluation of posterior expectation
ofu(0). Several other authors have used this technique to obtain Bayes estimators (see
Sinha(1986),Sinha and sloan(1988),Soliman(2001)).The posterior expectation of
Lindley approximation procedure to evaluate of n(6) in equation(3.7a and 3.7b) under
SELF, where wherep(0) = logg(0), and g(0) is an arbitrary function of 8 and 1(0) is the
logarithm likelihood function (Lindley (1980)).

The modified form of equation (3.7) is given by

1
E(U (o, BJY|§) =U (0) += [A(U1 011 +U; 013 +U3 033) + B(U; 031 +U; 05 +U3 053) +

P (U, 03, +U, 03, +U3 033)] + (U; a; +U, a, +Uz a3 +a, +ag) + 0( )(3 8)Above

equation is evaluated at MLE = (&, ,7)

where

a; = P1011 + P2012 + P3013 (3.9)

az = P1021 + P2022 + P3023 (3.10)

ag = pP1031 + P2032 + P3033(3.11)

a4 =Uqp 01 +Ug3 013 +U33 023 (3.12)
as = %(Un 011 +Uzz 05 +U33 033); (3.13)

And

A = [011l111 + 2012l121 + 2013l131 + 20331531 + 0221521 + 0331331](3.14)

B = [011l112 + 2012l122 + 2033l135 + 20231535 + 0351522 + 033l332](3.15)

P = [011l113 + 2013l133 + 2013l123 + 20231535 + 0221523 + 0331333](3.16)

To apply Lindley approximation on equation (3.8), we first obtain

ojj = [—lijk]_li,j, k = 1,2,3;where l;;'s are the partial derivatives of a, B,y of likelihood
function.

Likelihood function from equation (3.2) is

L——BV 1% n1(B+XJa)( ) p (xa,y>0)

Now
Log L = nloga — nlogy + slogB + (a— 1) XL, logx; — (% + 1) = 1X’B:°g::’(3 17)  Now
differentiating log likelihoodfunction with respect to o, 3,y
2 x;*logx;
1331 = _lel Where W11 = ]n 1 (]B+X )] (3 19)
l331 =313
Again differentiatingl;; with respectto 3
d ( 0°L 2 (n
I3z = a(m) =3 (E - 511) (3.20)
I332 = laz3
Again differentiatingl,; with respect to «
ly31 — ‘*;— (3.21)
1231 = lo13
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Again differentiating 1;, with respect to y

1123 = _% (3.22)
li23 = 132
Again differentiating l;; with respectto y
-2 2
1133 = y_zz:]!l:l (B+Xja) = —y—2w11(323)
Again differentiatingl,, with respect to 8

N .
Xj " log x;

— l — n xjo‘logx]-
Iy = —2 (y + 1) w11swherew, 3 = YL, oy 324)
Again differentiatingl,; with respectto y
—2n_2yn 1t _ 2/
la33 = B P 1B P (B 511) (3.25)
The matrix of derivatives is given as
Lbir L1z hias
[_lijk] = —[la21 L2z lazs (3.26)
I331 L33z lzss
2n /1 1 B
el (; + 1) w133 ) (\—( + 1) w123 - \700122
1 2ny 1 n 1
S R R v L o
-2 -2 (n 2n 6nlogBf 6
pon i) e

My; Mi; Mg
[_lijk] =[Mz; My, My

M3 Ms; Mgs
Determinant of [_lijk]»D = {M11[M2;M33 — M23M3z] — M13[Mz1 M33 — M3 Mys] +
Mi3[M2; M3, — M3, M33]3(3.27)

~1  (Adjoint of [—L])’
[l =

D
Y Y Yis
D D
-1 Yo1r Yoo Y3
Fd =5 T
Yau Ys2 Ya3

1 011 012 O33
[—li]-k] = |021 O22 O023];(3.28)
031 O3z O33

Approximate Bayes Estimator

U (o, B,y) =V

Uag=E(U [x)

evaluated from equation number and from joint prior density , we have

G(a, B,v) = g(a)g2(B)gs (vIB)
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srzﬁ v 1eXp[ ( )]
p =logG = log C — logd — log[& + (§ — 1)logy — &logf

Yy, B
- (E +5) (329
LogG= constant — &logf + (£ — 1)logy — % _B

=

)
1)
p1 = 2> = 0(3.30)

5 -3

p2=£ B+———(331)
s _

P3 :£:7—E(332)

Using equation(3.14) to (3.28), we have
A = [011]111 + 2015l121 + 2043l131 + 20531531 + 0231521 + 033]334]

= (Zn (1+1) )+2 (1+1) +2 (B )+2 ( w“)
=0n o3 Y w133 012 y W123 013 V2 W122 023 V2
1 2
+ 022 (‘2 (; + 1) 00113) + 033 <_$w11>
1 2 1 1 1
B [Y11 (a_r; - (; + 1) (1)133) + 2Y12 (; + 1) (1)123 + 2Y13Y—B3(1)122 - 2Y23 % - 2Y22 (; +

2
1) W113 — $Y330011](3-33)

B = [011]l112 + 20415l125 + 2043]132 + 2033l532 + 0221022 + 0331335]
1 1 — 014 _n 1

+ 02 ((Y—E)Z - %512) + 033 <Y2 (g 511))

11/1 1 W14
= B (; + 1) 0‘)123Y11 - 4Y12 (; + 1) w113 — 2Y13 (— y_Z)
+ (a2 2Yi0) (s — 812 ) + Yaa |~ (5~ 61
22 23 ( B)Z yz 12 33 Y3 B 11
(3.34)
P = [011]113 + 20121103 + 2013l133 + 2033l233 + 0221523 + 033l333]
B W14 2 2 n
= 0-11}7(1)122 + 2012 (_ y_z) + 20-13 (_Y_B(Dll) + 20‘23y—3 + (E — 811)
n 1 2n 6nlogB 6
o (g =yt Hon (=5 == +40w)
_ 1YuB 2Y1,w14  4Y13w95  4Yp3(n _s n 1
= B YZ (1)122 - y4_ - y3 + y3 B 11 + 22 282 —_ -Y_Z 12
2n  6nlogp
e )
(3.35)
Now
Uap=E(U [®)
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E(U |x) =u+ (ua; + uya, + uzaz + az,as)

1
+ E [A(u;041 + U041, +U30;3) + B(uy0,1 + U0, + Uu30,3)

1
+ P(u;031 + U035, + U3033)] + 0 (E)

EUIx) =U+¢;+ ¢, (3.36)

where

1 = uja; + uya, + uzaz +a, + as (3.37)

©, = %[(Acll + Bo,, + Po3q).U; + (Ao, + Boyy + Pogy). U, + (Aoys + Boys +
Po33)Us](3.38)

evaluated at the MLEO= (@&, B, ¥)where

a; = P1011 t+ P2012 + P3033

= 0.00 + (T4 L -1) 24 (E-2) X339

az = P1021 + P02z + P3023
— S Y 1\ Yz (821 1) Y
=0.05 +(Z+1-3) +(y ) Y23(3 40)

B B D
az = P1031 + P2032 + P3033
— S Y _1\Ys2 (81 1) Ys3
_0'031+(B+82 8)D+(y B) (3.41)

ay = Uy2093 + U;3013 + Up30,3
Y Y Y
= fUIZ + §U13 + §U23 (342)

1
ag = E(U11011 + Uy,05; + Uz3033)

1
5= 5(Y11U11 + Yy, Upy + Y33U33) (3-43)

3.Approximate Bayes Estimate Under Quadratic Loss Function
Uapq=E(0) =6
where
_ JoJ gl ,08G" (aBy) 0 0B Ay
Ey(Blx) = ToJ gJ /G (@By) 90 B ay
The above equation is evaluated by method of Lindley approximation, whose
simplified is byreplaceing® by U (a, 3,y) in equation (3.43)

(3.44)

Special cases:-
U (o, B,y) =U

1. Approximate Bayes estimate of a

U(a,B,y) =U=«
ou

U=aq, U1 aa 1 U11=U12=U13= 0

Up,=U31=U3,;=U53=0
U3=U3;=U3,=U33=0
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Eu(U[x) = a+ @1 + @, (3.45)
Where (‘pl =U1 dq +U2 do +U3 dg + dg + dg

- Y 1 1Y
@1=<—E+l——>i+(z———>ﬁ+0 a,+0.a3+0+0

B B2 &/D Y B/ D
o= (s (-5

1
and (pz = E [(Acll + B021 + PG31) U1+ (A012 + BO-ZZ + P0-32) Uz
+ (Aoy3 + Bo,s + Poss) Us]
1
P2 =5 (Acy; + Boyy + Posy)

I\ Y 1 1,Y
Ey (U |§):0‘+(;+%—5)#+ (A011+ch21-|-p(531)_|_(E ) 13

Oapq = a + Ay; at (O(ML: BML,YML) (3.46)

(_FE +- S+ vy, (5 ( +1) wi33) + Vi G +1) wygs +
(

y B

D

Y1z

Where A = o

Y23w14
y?

Y21

B 1 1
Yis V2 ®122 — Y32 ( + 1) w113 — Y330011] T l ;"‘ 1) w123Y11 — 4Y12 (; +

1) w113—2Y;3 % + (Y2 + 2Y33) ( gz %512) + Ya3 <y13 (% - 511))] +

Y31

Y2014 4Y13(1)11
D2 [Y11 Y_20)122 —2

Y4-

) G:—@%}]

Simulations and Numerical Comparison

The simulations and numerical calculations are done by using R Language programming
and results are presented in form of tables in table (1).

1. The Random variable of Generalized Compound Rayleigh Distribution is generated by
R-Language programming by taking the values of the parameters «, 3,y, takenas o = 1.2
,B=0.7andy = 1.1 in the equations|[(3.2)-(3.4)] and equation(1.1).

2. Taking the different sizes of samples n=10(10)80 with complete sample, MLE's, the
Approximate Bayes estimator ,and their respective MSE's (in parenthesis) are obtained
by repeating the steps 500 times, are presented in the table from (1), and parameters of
prior distribution a =3 and b =4.

3. Table (1) also presents the MLE of parameter of aand Approximate Bayes estimator
under QLF (for a unknown) and their respective MSE's.

+ 4Y,, (— = 811) + Yor (5 5+ 5“) + Y3 (- &=

Table (1) Mean and MSE'S of a
(a=12,=0.7andy = 1.1)

n |10 | 20 | 30 | 40 50 60 70 80
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Oy | 0.7546 | 0.7589 | 0.8125 | 0.8645 | 0.9451 |0.9998 | 1.3000 | 1.9000
328 642 469 712 287 756 043 032
MS | [0.152 |[0.126 |[0.098 |[0.007 |[0.004 |[0.004 |[0.000 |[0.000
E 134] 537] 745] 451] 213] 154] 231] 321]
Oapq 0.7546 | 0.7589 | 0.7945 | 0.9000 | 0.9854 |0.9741 |1.9985 |1.0621
125 642 812 125 236 255 253 431
MS | [1.22e- | [1.21e- | [1.35e- | [0.001 | [0.001 |[0.002 |[0.004 |][0.004
E 04] 04] 04] 254] 354] 254] 521] 235]
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